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Abstract

In the 19*" century, Charles-Eugéne Delaunay studied the Earth-Moon-Sun
three body problem in order to give analytical expressions of the elliptical elements
of the Moon up to high orders (Delaunay, 1860). He limited his study to the
restricted problem, where the Moon is a massless particle whose only perturbation
is the sun. This work, which represents a huge amount of calculation, took him 20
years.

Last year, Li Zejian focused his internship supervised by Jacques Laskar to this
same problem, doing calculations not by hand like Delaunay did but with the help
of the dedicated tool TRIP (Gastineau and Laskar, 2011), a computer algebra
system. He used the Lie formalism and TRIP in order to achieve the same goal as
Delaunay in a few months time (LI, 2018).

In this study, [ pushed further the work of Li Zejian, going back to the unre-
stricted problem and adding tidal interactions and dissipations in my model. The
Lie formalism being extensively used throughout this study, the first section aims
to set the mathematical tools needed to cope with the rest of the work. In section
two, the Lie formalism is applied to the case of the simple pendulum. The sec-
tion three deals with the Three-Body Problem and finally, section four adds tidal
interaction in the model.

1 Lie formalism

1.1 Lie derivative

Let H(J,0) be a n-degree-of-freedom hamiltonian and f a time-independant function.
The Lie derivative is then defined by :

oM Of _OM of
22 9J;00;  90; 0J;

Luf ={H, [} := (1)

The Hamilton-Jacobi equations read as :

. OH : oH
0=— =—— 2
aJ / 00 @)
n. . d
Thus Ly f = Z ng—g; + Jig_i = d_J; N is the total time derivative of f along the trajec-
i=1

tories of H.

1.2 Subsequent change of variables

Let us give a n-degree-of-freedom Hamiltonian H(J,0) = Ho(J) + H1(J,0) where J =
(Ji,...,Jn) is the action variable and 0 = (6, ...,0,,) the angular one and H; < H,.



If we neglect H; with respect to Ho, we end up with J(t) = Jy and 0(t) = 0y + wot

Ho .
where wy = — 20 s the frequency on the torus T". Nevertheless, let’s assume that H;

is not small enough to do so. We would like to make a canonical change of variable

N
x = (0,]) — 2’ = (¢,J') such that H'(J,0) =Y H}(J') +H*(J,¢') and the non-

k=0
integrable part of H’ is even more negligible, that is:
H* < Ha
N H
SH
k=0

N
We write z = ® () where W = W, is a generator that we will constrain and &
1 g 1

is the flow at time one of this gener_ator. As the flow of a hamiltonian is canonical, so
is this change of variables. The flow at time ¢ of a generator W is given by the Taylor
formula. Let f € C* (R2" — ]R), then

X anf X

fo@fV:ZEWW:ZﬁL%f:etLWf (3)
n=0 n=0
Thus we have :
H(2') = H(z) = H (D) (2)) = "V H(2') (4)

Up to the order 2, this gives H' = Hy + H} + H), with :

H = H,
Hy = Hi+ {W1, Ho}

1
H/Q = H? + {WlaHl} + {W27H0} + 5 {Wla {leHU}}

Up to the N order, we can write, for any k the following cohomological equation
{Ho, Wi} = Uy, — H;, (5)

where the Wy, are given by Deprit’s recursion formula (Deprit, 1969)

v, =H,
k—1 k 1 '
W, = H, + Z LW].Hk_j + Z —'QO?C
=7 )
0 __
o = H
I—k+1

of = > Lwel) (k<)
j=1



As Hy does not depend on the angular variables, the cohomological equation can be
written under the much simpler way

n 8W7 .
ZV“_/ = \Ilj - 7‘[
o= a0, /
L, _ 0o

"o

(7)

Thus we end up, for each j € [|1, N|], to a partial differential equation in the generator
W. However, H; is also an unknown of the problem in the cohomological equation and
we need another equation to solve the problem.

1.2.1 Averaging method

According to equation 7 choosing the form of the transformed hamiltonian H’ is equiv-
alent to choosing the form of the generator W and thus the change of variable. It is
a priori arbitrary as we could make whatever change of variable we want (as long as
it is canonical, but every flow is). As we need to repel the non-integrable part of the
new hamiltonian to higher orders, we make each of the H’ depend only on the action
variables by setting the following averaging rule :

/ 1 n 2 27 , ,
W, = (%) /0 /0 U,db,...de, = () (8)

1.2.2 Resolution of the cohomological equation
In the case where n = 1, the cohomological equation is solved by direct integration

W(Ql, J/) _ / \Ijj — <\I[J>d9/

14

In the case where n > 1, it is solved using Fourier series. Let’s write

U= (U = > e

keZ\{0}

: /
W, = E wye?

kezZm\{0}

where the ¢, and wy are almost all zero, as they are polynomials in our case, due to the
truncations. The cohomological equation 7 yields

Yk

1kv

(9)

Wy =

Note that the non-resonant requirement must be met, that is ¥y # 0= k.v # 0
If ¥, = 0 we can take wy = 0 regardless of the value of k.v



1.3 Integration of the transformed hamiltonian

Once the change of variables is performed according to the former procedure, the trans-
N
formed hamiltonian reads H'(J',§') = Z H (J) + H*(J', ') where H* is of order N +1

=0
By neglecting H*, and because the change of variable we made is canonical, we can write

T = Jt
0'(t) =0+ v(J)t (10)

aJ’

and the equations of motion of the set of new variables are solved.

1.4 Expression of the old variables

In the previous subsection, we obtained the expression of the new variables (the primed
ones) as a function of time. However, these variables do not carry much physical meaning
and we would rather have an expression of the old variables as a function of time.

The change of variables we defined by the Lie transformation is

r =0V (z) = elwa (11)

and its inverse is
=% (z) =e Py (12)

The procedure is thus as follow :

Express z as a function of 2’ using equation 11

Replace ' by its time-dependant expression given by equation 10

Express ¢’ as a function of x using equation 12

Deduce from step 3 the values of 6 and J|

Replace inside the expression of = obtained at step 2 6], and J| by their actual values.

Ol L=

1.5 Pros and cons

The Lie transformation method generally appears to converge quickly as N increases, in
particular when the condition H; < H, is well satisfied. Nevertheless, some cases are
more complicated than others and the case of the pendulum that is studied in section 2
is for example far less problem-prone than the three-body problem.

oH . .
Cases where the vector v = 0_JO doesn’t meet the non-resonance condition may exist,

in particular as N grows up (resonances can exist at a certain order even though they
don’t at lower orders). In that case, the resonant term in the hamiltonian shouldn’t

7



be averaged but kept inside the transformed hamiltonian, making it no longer trivially
integrable, and equation 10 doesn’t stand anymore.

The Lie transformation could a priori be pushed to any value of N, but in fact, the
subsequent formal serie doesn’t necessarily converges. Let us consider a non integrable
primary hamiltonian H. We could apply the Lie transformation up to infinity but the
formal serie that we would establish won’t converge because if it did, H’' would be
integrable and no change of variable can make an integrable hamiltonian from a non-
integrable one. The first terms of the serie would then decrease rapidly before starting
not to decrease fast enough for the serie to converge. The easy case of the pendulum
doesn’t suffer this problem as Hpepduim 15 integrable

2 Application to the simple pendulum

2.1 Angle and angular speed as a funtion of time

L2
The hamiltonian of the simple pendulum can be written H(L,[) = 5~ w? cosl where

w? =2 and 1is the angle between the bottom and the current position.

a
Let us consider a pendulum in full-revolution state, that is, the initial kick L, given

to the pendulum allows it to complete full revolutions around its axis. This condition
2 2

L L
means H = — — w? > w? = Ho > 2H; with Hy = — and H; = —w?cosl.

Provided that the pendulum is in full-revolution state, we can apply Lie formalism
to this hamiltonian. Note that the greater the initial kick the fewer iteration are needed
to get good results.

2.1.1 Case N=1

The case where N = 1 requires very few calculation and can easily be done by hand.
The cohomological equation is

{7‘[0, Wl} - \111 - Hll \111 - Hl Hll - <\I]1>l
which yields
2 L/2
Wy(L', V) = —%Sin (L) = o
L'(ty=Ly 1'(t)=1)+ Lyt
Now let’s go back to the old variables. Applying the generator to [, I’, L and L’ and
2

truncating the subsequent series to order 1 in T we get
w2
I(t) =1y + Lot + i sin(ly + Lyt)

2

L(t) =L, + °L"— cos(ly + Lit)
0



With
2
w" .
ly=1— ir sin(lp)

2
Ly = Lo— (Z— cos(lp)
0

2.1.2 Higher orders

2
When Hy = — is not so great with respect to H; = —w?cos(l), we may want to go to
higher values of N for a better result. The subsequent amount of calculation increases
rapidly with NV, even with a mere pendulum and we use TRIP to perform them. Results
of the computation by TRIP for the special case N = 5 are given in appendix A. Once
again, the infinite series generated by W are truncated at order N in %5.

2.1.3 Comparison with experiment

We would like to compare the performances of the Lie method with the experiment,
assumed to be a numerical integration. On the following figure, plots for N = 1,2,5,10
and 15 are represented along with a Runge Kutta 4 numerical integration of the simple
pendulum. Chosen numerical values are w? = 0.1 572, Ly = 0.7 s ! and lp = 0

2
This value of w? implies Lo.crit = \/—1_0 ~ 0.63 for the critical initial kick that enables

the full-revolution state. Ly being just above Lg .1, we expect little values of N will lead
to bad results.



angular speed (rad/s)

time (s)

Figure 1: Angular velocity as a function of time at different orders of the Lie transfor-
mation

As expected, N = 1 and N = 2 are quite far from the numerical integration but then
the method converges rapidly for higher values of N.

2.2 Mean angular velocity of a pendulum by Lie transformations

2.2.1 First establishment of the result

: . dH : :
H being a constant of the motion (E ={H,H} =0), we can use its expression to

obtain an expression of L = [ depending only on [ and then a relation between dt and
dl. We get
dl

dt =
V2 (H + w? cosl)

From which can be deduced

T 27 dl
=[]
0 0 2(H+w?cosl)
V2H,, X ok —1) 1 (2n 3 105 1155
T — _\n - 4 22 4 6
on nz:; o (1% 4"(n) "6 T 102" Tiesma” T

k=1

10



2

w
Where ¢ = —
ere € H

The mean angular velocity is obtained by inverting the serie of 7. We end up with

3 69 633
L)=LovT—2r1- 2 — 0 ¢ — 64 .
(L) = Lo “( 16° " 1024° 16334 )

w €
Where Kk = — = ———— when [ is set to 0 and finall
2 2(1+e 0 Y
5 11 571915951
IN=IL(1—-r— K- —K3— . — g0 |
2 0( TR T 65 536

2.2.2 Second establishment by Lie transformations

The Lie formalism also allows to reach this results. Once the expression of L(l{, L, t)
up to the desired order is known, only non-periodic terms are kept to have the mean
value of L. [{, and L{ are then substituted by their expression in function of ;, and L,

and [j is set to zero.
2

w
L_ga
mation was performed up to the order N such that the subsequent generator Wy is zero

(such N exists thanks to the truncation, otherwise it wouldn’t) which turned out to be
11. Here is the output of TRIP (Note that a = w?)

Here, all series were truncated at order 10 in the variable and the Lie transfor-

(L) =

1xLO0

— 1xL0xx—1xa

— 5/4%L0%* —3%ax*2

— 11/4%L0%%—5%a%3

— 469/64%L0%x—Txaxx4

— 1379/64%L0x*x—9xa**5

— 17223/256%L0%x—11xax*6

— 56001/256%L0%x—13%a**7

— 11998869/16384%L0%x—15%a*%8
— 41064827/16384%L0*x—17xax*9
— 571915951/65536+L0%x—19%ax%10

We end up to the same expression as given by the straightforward calculation.

3 The three-body problem

3.1 Conventions an notations

Throughout this section, the orbital elements commonly used in celestial mechanics will
appear, as well as some personal notations, some of them being inspired from the work
of Li Zejian, namely :

11



e the eccentricity

a the semi-major axis

7 the inclination of the orbital plane
Q2 the longitude of the ascending node
w the argument of the periapsis

M the mean anomaly

v = sin(i/2)

w = w + €2 the longitude of the periapsis
A = w + M the mean longitude

1 = G'm the gravitational parameter
v the true anomaly

w = v + w the true longitude

As a convention, unsubscripted letters will denote coordinates of the Moon while
letter subscripted with an s will serve for the Sun. Vector will be written in bold
characters.

Along with the aforementioned varibles, Delaunay’s and Poincaré’s canonical vari-
ables will be extensively used. Delaunay variables are

Action Angle

L = 3\/pa =M
G=LVvl—-¢e?| g=w
H=Gcost | h=1

While Poincaré’s variables are

Action Angle
A= p/na A=M+w
F:A(l—\/l—eQ) v=—w
Z = AvV1—e%(1 — cosi) z=—
The canonicity of Delaunay’s variables can be shown using Andoyer formalism (An-

doyer, 1923). Then, the canonicity of Poincaré’s variables is almost immediate as they
are obtained by a linear transformation of the actions in Delaunay’s variables. We have

A 1 0 0 L L
ry=11 -1 0 G|=A|G
A 0 1 -1 H H

To be canonical, the change of variables must comply with

A l
vl ="'A" g
z h

yielding the above result.

12



In all the following, Poincaré’s variables will be preferred to Delaunay’s as they are
more suitable at small eccentricity and inclination. Nevertheless, they will be denoted
with the same name as Delaunay’s variables for convenience, yielding no ambiguity as
we will not use Delaunay’s variables in this study. Therefore we will have, for the rest

of this work
Action Angle

L = j3\/ua l=M+w 13
G=L(1-VI-&) | g=—w (13)
H=Ly1—-¢e*(1—cosi)| h=-%

Because they are unused in the restricted problem, values of 5 and (3, will be further
established, in section 3.3

3.2 The restricted problem
3.2.1 Establishment of H

Treating the Moon as a massless particle allows to greatly simplify the problem as the
Earth-Sun system can be treated independently and is no more than a two-body problem.
In the geocentric reference frame, the equation of motion of the Moon writes

d’r W I's rs—r

— = ——7T1 — s B E—

= L W M (14)
w=G(mg+my) s = Gmyg

The hamiltonian of the problem can be deduced from equation 2

- 2 1 rs.r
H(T,r) = — — £ fs — —3 | = Hiepler + Ha
2 r lrg —r| 73 (15)
2 1 rs.T
erpler = 5 = H Hy = —Hs ( B s3 )
r lrs — r| 3

As rg is time-dependent, so is H; and we need to go to the extended space phase. This
can be achieved by noticing that in the restricted problem, the mean longitude of the
sun [, is a linear function of time. Noting K the conjugate momentum of [, we note
Ho = Heepler + VI, vy, being the mean motion of the sun, a parameter of the restricted
problem.

At this stage, our hamiltonian H = Hy + H; is time independent and comply with
Hi1 < Hop, but Hy doesn’t depend only on the conjugate momentum and we can’t apply
the Lie formalism presented in section 1. Using the canonical variables of Poincaré will
nevertheless solve this issue. First note that in the restricted problem, L, the action

variable associated to [, is \/ua
2

In Poincaré’s variable, we have Hy = —% + v, K which depends only on the action

variable. All we have left to do is to express H; using Poincaré’s variables.

13



3.2.2 From cartesian variables to Poincaré’s

(gr/Cg av/a
that n is the instantaneous mean motion of the Moon. However, v is only almost the
mean motion of the sun around the Earth as us = Gmg # G (mg + my).

Defining S as the angle between r and rg, 7, can now be written as
5 3 -2 1
Hy = —1vd? <1> (%> (L) = — LCOSS —1
a Ts Ts \/1+:—2— LcosS T
” ) 2(7’)2 as\° [ r 2§ r "P (cos 9)
= —va |- — — — ), (cos
! a Ts T = \rs

Where the P, are the Legendre polynomials.

r Qs . . : .

— and — can be developed in power series of e and ¢ thanks to the following
a T

expressions (Laskar, 2007)

Let us define v = We know, thanks to the two-body problem,

0 = -
o= Z Ji(ke)e™™M

k=—0o0
“+oo
k

2 =1—ecos <M + 22 Jk(k ) sin(kM)> (17)

k=1
+00 xk—|—2n
= —1 n
Jk(fl?) nz%( ) 2k+2n(k, + n)|n|

Where the J; are the first kind Bessel’s functions.

TRIP’s incorporated functions RsA and AsR, which give such development were used
for this part.

The cos S can be computed thanks to (Laskar and Robutel, 1995) and the TRIP function
Expiv which gives the development of ¢” = ¢'“*9). We have

+o0 +oo
1
v—M=2 E z ( g p'k_lljl(ke)> sin kM
k=1

l=—00
; AN i i \?2
cos S =R, ) [ Leos = —Ecos = | + e [ cos = cos = + &€&, (18)
2 2 2 2
. » 1 Vi_e 3
Ezvemzsinéem P:—€=§+%+O(e5)
€

r ra a
All is left to do is to write — = a—— where o = — then, equations 17 and 18 enable
r ar a
to write H; as a function of f,g, h,e, a and ¥ ’

14



As the plane of the orbit of the Sun around the Earth is constant, we can set iy, = 0
and therefore v, = 0 without loss of generality, yielding a lot of simplification.
As the action variables don’t appear into H;, we must define the derivative with

v
respect to them. Let us denote n = — We have
n

0 _N9o md 0ad 0o
OL 0Ly  0LOy  OLda ' OLOde
9 e 0y 0

oG ~9Goe T oG o (19)
g 0y 0
OH — 9H by
Where, from relations 13

(22l my
oL 2a202v/1 — e2v
36! 2n
oL alav
on _ 3’
0L a20?v
%_n(l—é—ﬂ) (20)
oL aa’ev
de n/1—e2
oG~ alalev
o _ nm
0G  2a2a2y/1 — e?v
Al U

0H 4a2a?/1 — e?yv

3.2.3 Lie transformation

The hamiltonian being written as a function of the elliptical elements and the derivative
with respect to the action variable being defined, we can now perform Lie transforma-
tions.

All series are truncated at some order /N on the total degree of the little quantities of
the problem, namely e, e,, v, @ and 7. That is, all terms of the form e”e?y*a’n" such that
xr+y+z+t+u> N are got rid of. Please note that even though it wasn’t mentioned,
the same truncation rule was also set to go from cartesian variables to elliptical elements.

Lie transformations are then performed up to the order N’ such that the subsequent
generator Wy, is zero. The setting of the truncation rule makes sure that such N’ actually

exists. Generally, N’ is not much greater than N.

15



a?a?v?

21?2

One can notice that Ho = — + 1, K only depends on L and L,. This is quite

problematic as the frequencies vg = =Y and v vy =

%G Fiia 0 that appear in the cohomolog-

ical equation 7 will always be zero.
This issue is solved by making the Lie transformation in two steps.

Step 1

In the first step, only [ and [, are averaged in equation 8. This leads to a generator
W' and a transformed hamiltonian H' = H{ + H]. After this step is complete, H' no
longer depends on [ and [s, thus L and Ly are now constants of the motion and so is
Hy, which can be removed from H' without changing the form of the Hamilton-Jacobi
equations.

Step 2

For the step 2, H, is defined as the lowest-orders term with dependence on G’ and

3 3
H'in H’', which turns out to be Hj = a?v?a’ [ =7* — 56/2). H| is then set to H' — Hy,.

2
The Lie transformation is now performed by averaging g and h in equation 8. This

leads to a generator W” and a transformed hamiltonian H” which doesn’t depend on
the angular variables (thanks to the truncation) and is thus trivially integrable.

For the going back into the old variables, one has to be cautious as W’ and W"” don’t
commute and nor do (I>W and @W”

The change of variable from old to new ones and from new to old ones can be deduced
from equation 3. We have, denoting = = (a,e,v, K,l, g, h,ls)

z =3 o W' (2") = elw” <(I>W > (2") = elwrelw 3"
" !’ " (21)
= 0" 0 ®W (1) = et (@W ) (z) = e twetwry

3.3 The unrestricted problem
3.3.1 Establishment of H in Jacobi’s variables

The case of the unrestricted problem is trickier as going into the geocentric reference
frame and deriving the hamiltonian from the equation of motion doesn’t yield a canonical
hamiltonian. The Moon having recovered its mass, considering the center of the Earth
as a privileged point is no longer relevant and the barycenter of the Earth-Moon system
should be regarded instead.

In an inertial reference frame, the hamiltonian of the three-body problem is

/H(ﬁ, u) _ ﬂ% ﬂ% u% e’ Moy moms mims (22)
2m0 2m1 27712 \ul — UQ‘ |UQ — U()’ ’LI2 - U1’

16



In order to identify the positions of body n°l and body n°2 with respect to body n°0
and the barycenter of bodies n°0 and 1, respectively, let us go into Jacobi’s variables by

performing the following transformation

ro T A
r | = —1 1 0 w | =A4Aluy
ro —(1 — 5) —0 1 Uus Usg (23)
(SZ—WL1 M:m0+m1—|—m2
mo + my

ro now points toward the barycenter of the system, r; gives the position of body 1 with
respect to body 0 and ry gives the positions of body 2 with respect to the barycenter of

body 0 and 1.
For this transformation to be canonical, the associated momentums must verify

= "Ar (24)
In this new coordinates, the hamiltonian of the system reads
7:2 7:2 f2 mom,q moime mime
HE,r) =2+ 2+ o — +
(F.7) 2M 281 2B 1 [tz +0r1[  |rz — (1 —6)ry] (25)
5, = momy 5, = mo(mo + my)
! mo + My 2 M

This hamiltonian doesn’t depend on rg, thus, g is a constant of motion and can be
removed from the hamiltonian. This traduces the conservation of the total kinetic energy
of the system.

From now on, body 1 will be the Moon, located with respect to the center of the
Earth and body 2 will be the Sun, located with respect to the Earth-Moon barycenter.

3.3.2 From Jacobi’s variables to Poincaré’s
From the following relations

7  Gmem B pp3

28 r 212
7 Glmetmmg B (26)
234 T - 2L2

p=G(m+m) s = GM

where m, is the mass of the Earth, H can be written as

H =Ho+ H;
H::_Mﬁ_iéﬁ

0 22 202 (27)
24— G(m + me)mg B Gme.m B Gmmg

e T, Irs +or|  |rs— (1—0)r|

17



Ho corresponds to the hamiltonian of two independent Kepler’s problems. We expressed
it as a function of the Poincaré variables and it only depends on the action variables.
As for Hq, it should be written

M, = _Gﬂms Z {(1 _ 5)n71 o (_1)7171571*1} (Tis)npn(cos S) (28)

T's

Where the P, are the Legendre polynomials and cos S is the angle between r and rg
Written like this, 7, can be expressed in terms of the orbital elements using equations
17 and 18
Let us now define the following dimensionless quantities that will be useful to set
truncation rules.

e |G | H [ H [ L
= — e —_— = — g R — = R 2
X I Tg Ls Y I Ys Ls n Ls ( 9)

e=V2/1—22x e, =21 — 22z
y 1 i Us 1 s (30)

— 2 R — s = = SIln —

TRV 2 2 TR\ 2

We can express the hamiltonian H; as a function of z,y, zs,ys, 1, Ls, [, g, h, s, gs and h.
Like in section 3.2, the derivative with respect to the action variables should be defined
as they don’t appear in ‘H;. We have

0 _0z9 oo omo 9 _0z0 9 _Oyo
OL 0LOx 0Ly OLOn oG 0G0z OH 0H oy
g Oz, 0 dys O on 9 0

From relations

OL.  OL.0r.  0L.oy.  0L.oy " oL. (B31)
o Oz, O o Oy, 0
G,  0G, Oz, OH,  0H, dy,
And

or x oy Yy on 1
oL 2p’L, 0L 2L,  OL 2nL,
or 1 oy 1
oG~ 2xn?L, OH — 2yn?L, (32)
dr,  xg Ays  Ys on  n
oL, 2L, oL, 2L, oL, 2L,
0x 1 dys 1

0G,  2x,L, 0H,  2y,L,

The hamiltonian H; was obtained using TRIP and the previous results. The TRIP
source code that does so is displayed in appendix B. As for the explicit expression of
H, it is displayed in appendix C.
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Our hamiltonian being now expressed in terms of the Poincaré variables and the
quantities defined in relations 29, we are ready to perform Lie transformations in the
same way as we did in section 3.2.3, but before we do so, let’s define precise truncation
rules.

3.3.3 Truncation rule

Truncations will be performed on the small dimensionless quantities (constants as well

as variables) of the problem, namely z,y, x5, ys, 1, § = ﬁ §=—"" andr=" The

Bs’ m+m, [Ls
chosen plane of reference is the plane perpendicular to the total angular momentum of
the system. The value at time ¢ = J2000 (01/01/2000) of this quantities being given

here for reference.

1 1 1
W0 %4 N7 155  T0%g5 Y0 10671300
1 el en ] 1
N — N — N — K~
0™ 967 82 81 332046

As the Moon only contributes for a very small amount in the total angular momentum,
the sun almost orbits in the reference plane, hence the very small value of y,. Despite its
small value, the sun inclination is still large enough for its node longitude to be defined.
From now on, we will truncate every serie that appear in our problem to a certain total
order N.

We considered the quantities x,y, x5, ys, 1, &, 0 and &k to be of order 1,1,1,5,2,1 and
4 respectively. Once the total order N defined, Lie transformations were performed up
to the order such that subsequent generators are zero.

3.3.4 Lie transformation

To make our hamiltonian H = Hy + H; integrable, we are going to use the Lie formalism
described in section 1. Similarly as done in section 3.2, the change of variable is done in
two step.

In first step, only the mean motion of the Moon and the Sun (I and [;) are averaged
in equation 8. After this first step, H,, is constant in the new system of coordinates as
it only depends on L' and L/, and H' doesn’t depend on {" and

M, is thus removed from the hamiltonian and the lowest order term with dependence
on G', H', G, and H. in H is removed from H} and put in H;. This term was, for N > 7:

, 3 B3uzon®
H _ = (2_ 2 2)

= r —X
07 4 ¢4k2L2 s

We see that this term doesn’t depend on y, and thus on H,. In fact, due to our truncation
rule and the high order of y,, we never have dependence on y, in Hy. This prevents us
from averaging over hg

Lie transformations are thus repeated with average over ¢', ' and ¢..
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After step two is complete, we end up with a hamiltonian H” which only depends
on the action variables and A, a priori. In reality, even at the biggest order we went to,
the average over g, h and g, removed the dependence over h,. Our new hamiltonian H”
is thus integrable.

We now know the expression of the double-primed variables as a function of time
thanks to equations 2 and we can go back to the unprimed variables using equation 21

As a compromise between quality of the model and runtime, we went up to N = 13.
For such N, the first Lie transformation was performed up to the order 8 and the second
one up to order 6 for the subsequent generators to be zero. The total runtime (Expres-
sion of H in Poincaré variables, two successive change of variable and computation of
H”, expression of the unprimed variables as a function of the double-primed ones and
expression of the double-primed variables as a function of the unprimed ones) was about
40 hours on the dedicated cluster of the IMCCE (Institute for Celestial Mechanics and
Calculations of Ephemeris). Here is shown the size (the number of terms) of the series
that were manipulated and computed by TRIP

Serie 9 11 13 Serie 9 11 13
H 539 2624 9612 H 33 126 405
|74 446 4100 25214 W’ 4 52 328
vy, 32 125 401 Yy 1 632046 4997627
Ve 9 45 167 n”’ 1948 14956 78700
VH 9 46 172 LY 427 3996 24646
VL, 32 125 404 l 17087 107434 464102
va, 6 31 124 g 287556 1687430 7014948
vy, 1 1 1 h 54148 414101 1890109

" 16989 106177 460659 L 477 4264 26199
g” 298525 1736739 7262313 Js 1443 14030 84943

n" 65243 464631 2062297 hs 1 4118963 30365317
" 447 4127 25399 x 171129 1100612 5031341
gy 1431 13433 79615 Y 25805 203609 992127
Y 1 8207025 35360647 x4 554 6031 40148
z” 172616 1100322 5039100 Ys 1 292898 4407713

y" 29176 216518 1044233 i 2318 18912 102889
x! 262 6014 39076 Ly 414 3914 24755

At order 13, the total size of all the stored series was 19.8 Go.

The TRIP source code that performed the Lie transformation and went back into
the unprimed variables to obtain a time dependent expression of the orbital elements is
given in appendix D

In appendix E is displayed the transformed hamiltonian H” as well as the generators
W and W’
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3.3.5 Comparison with Experiment

In this subsection, we compare our analytical series up to different orders with the
numerical simulation ran by Hervé Manche at the IMCCE, using ADAMS and the
INPOP integrator, used to compute ephemeris. He set the mass of all bodies of the solar
system but the Sun’s, the Earth’s and the Moon’s to 0 and he ran the simulation with a
time step of dt ~ 1.3282 hours. He supplied me with a file of the orbital elements from
t =0 to t =20 years with a small time step and another file from ¢ = 0 to t = 100000
years with a larger time step to check the validity over large time of the analytical
solution. To check the validity of the numerical integration, Hervé Manche made sure
that the total energy of the system remained the same over time. The error after 100 000
years doesn’t exceed 2.5 x 107!8 assuring the reliability of the simulation.

Here is shown the evolution of the excentricity of the Moon and the Sun over a period
of one year.

Moon excentricity

— ol3
INPOP

©0.05

0.04

0.03

0 50 100 150 200 250 300 350
Time (Days)

Figure 2: Excentricity of the Moon from J2000 to J2000+ 1 year

Even though they are very small, the Sun undergoes excentricity variations too.
In both cases, the INPOP simulation and the analytical series are in perfect super-
position, therefore only one plot is visible.
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Figure 3: Excentricity of the (Earth-Moon barycenter)-Sun vector from J2000 to J2000-+

1 year

It could be interesting to plot the error between the numerical simulation and the
analytical result over time for some orbital elements

Excentricity error
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We may notice that the error is greater for the excentricity than for other orbital
elements. This is due to the fact that the excentricity is harder to approximate with
series of the orbital elements than other orbital elements, yielding an important error
when only few terms are taken.

This fact is better noticed if we plot the relative error over a time of 5000 years.

Excentricity error Inclination error
L5 e 0.010
1.0
0.005
S 05
5 0.000
0.0
—0.005
-0.5
—-0.010
0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000
Ratio of semi major axis error le-7 Sun excentricity error
— alas — es
0.004 4
0.002 2
. I | ‘ ‘
S l
= 0.000 | I
@ 0 ‘ |
—-0.002
-2
-0.004
-4
0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000
time (years) time (years)

Figure 5: error from J2000 to J2000 + 5000 years for some lunar orbital elements at
order 13

After only a few hundred years, the error on the Moon’s excentricity reaches values
as high as 10%. On the other hand, other orbital elements are far better approximated,
as the relative error for the Moon’s inclination, the ratio of semi-major axis and the
Sun’s excentricity don’t exceed 1%, 0.5% and 5 x 1077 after 5000 years, respectively.

It should be noted that this slow increase in the error is partly due to a slight

difference in the frequencies between the numerical solution and the analytical one.
/"

Indeed, the frequencies in the analytical case are obtained from v = eV and are thus

necessarily wrong, as the non-integrable part of H” was neglected. Even though this
fact prevents us from using these analytic results to make ephemeris over large times, it
still enables us to use it to have trends over larger times.
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Moon's excentricity
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Figure 6: Moon excentricity from J2000 + 19.5 years to J2000 + 20 years at order 11

Even though the error is already substantial, we still have the tendency of the solu-
tion.

4 Tidal interactions and dissipation

In the unrestricted problem treated above, it is made the assumption that the three
bodies, namely the Earth, the Sun and the Moon are point masses. With this sim-
plification, all their mass is concentrated on the same point and they don’t undergo
differential gravitation from each others.

As can be seen in equation 40, the tidal potential undergone by a body r* due to the

tides it raises on a body r is proportional to . As a consequence, the point-mass

r —r

assumption yields no significant error as 10ng|as orblting bodies are far from one another.

Nevertheless, in a realistic model, bodies in the neighbourhood of a planet raise tidal

bulges on this planet. The departure from spherical symmetry of the planet modifies the

potential this planets creates around it and the tidal-responsible bodies are subsequently
affected by the tides.

In this section, we try and take into account these effects. For the sake of simplicity,
we consider that only the Earth recovered its dimensions and that it is at hydrostatic
equilibrium. There are two main reasons why a planet at hydrostatic equilibrium should
depart from the spherical symmetry:

6

e [ts own rotation that raises an equatorial bulge.
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e Tides raised by other bodies.

In this study, both these effects will be considered.

4.1 Tidal potential

Let us consider a planet with barycenter O of mass m. The planet has no particular
shape and is orbited by a point-mass satellite of mass m™ located in r* in an inertial
reference frame centered in O. Let P be any point inside the planet and r = OP. The
gravitational potential between r and r* is given by

* % 100
Vigrav (T, 1) = Gm”___Gm Z (%)lf’l (cos S™) (33)

T r*
1=0

where S™ is the angle between r and r* and the P, are the Legendre polynomials.
The terms | = 0 and [ = 1 whose gradient complies with

v, {— G:‘ (1 + = )1 _ G:Z; (34)

r

are responsible for the orbital motion of P around the satellite.
The terms [ = 2 to co are thus responsible for the reshaping of the planet by the
satellite. The reshaping potential can be written as

% 00
V(1) = =5 (D) P eos ) Z (35)

,r*

When the planet is reshaped by Vieg, its modified distribution of mass gives rise to a
tidal potential Vijqe that will influence any nearby body, located in r’, that we will call
undergoing body.

Studies on elastic deformations of planets performed by Kelvin, Darwin and Love
suggest to take (Neron de Surgy and Laskar, 1997)

‘/Zﬁlde |I" - Zkl resh |I‘| = R7 I'*) (36)

where the k; are the Love’s numbers and R is the volumetric radius of the planet.
The general expression of Vj;qe is obtained thanks to the Poisson-like equation (Neron
de Surgy and Laskar, 1997)

AVﬁde(r') =0if |I‘l| Z R (37)

and the boundary condition given by equation 36
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Let us use spherical coordinates, the general solution of equation 37 is hence given

by
Tl m eim@ leN
f(ra 0) ¢) - { Tflfl }PI (COS 9) { e~ imyp } —1 <m < [

1 m dl+m
where P (X) = o (1= X°)"* s (7 - 1)

2L+ 1)(l—m

)‘ m im
47 (l +m)! Fi"(cos 6)e™

Using the spherical harmonics defined as Y™ (6, ¢) = (—1)m\/

we can now write Viiqe as

‘[mde 7790 ZZm/llyme )

=0 m=-—I

Where the coefficients a;" can be obtained from equation 36
Some more calculation finally rises (Mignard, 1980)(Neron de Surgy and Laskar,

1997)
m* +o0 +1 R +1
Vide(r') = Zkl< ) (7) P, (cos S) (39)

where r* is the position of the perturbing body and r’ is the position of the undergoing
body, that could be the same and cos .S the angle between the two vectors.

In most problems, the greatness of * and r’ with respect to R allows one to only
consider the term [ = 2, which finally yields the following tidal potential

Gm*R?

Viide(r) = —kg———+ 578,78 [3 cos? S — 1} (40)

4.2 Tidal dissipation

In the particular case where the perturbing body, for example a satellite, is also the
undergoing body, the tidal potential it feels can a priori be obtained from equation 40
by setting r* = r’. Nevertheless, the purely elastic model we used means that the tidal
bulge raised by the satellite is always aligned with r*, even though the planet rotates
and the satellite moves aound the planet. As a consequence, no torque is exerted by
the satellite on the tidal bulge and the spin of the planet is not affected. Moreover, by
supposing that the planet is perfectly elastic, we suppose that no energy is dissipated
inside its core by friction and thus, the total energy of the system remains the same.

In a more realistic model though, the planet is not elastic which means that energy is
dissipated by heating up in the inside of the planet and the bulge is not perfectly aligned
with the perturbing body. We would like to take this into account without having to
thoroughly model the internal structure of the planet. We rely here on the work of
(Mignard, 1980)
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4.2.1 Inelasticity delay

The inelastic behaviour of the Earth is modeled by introducing a time delay At which
corresponds to the time it takes to the planet to reach its equilibrium shape after a
stress due to a perturbing body. Doing so, we reduce the modelisation of the internal
structure of the planet to the sole parameter At. Let & be the rotation vector of the
planet in any reference frame centered on the barycenter of the planet, r* the position of
the perturbing body, called the satellite, in that reference frame and R* the position of
the satellite in the frame that rotates with the planet. Let R = Rg(—wt) be the rotation
matrix such that r* = R'R*

To account for the fact that the planet is inelastic, we consider that the bulge raised
at time t in the rotating frame isn’t caused by R*(¢) but by R*(¢ — At). This leads to
the introduction of a fictional satellite % such that R*(¢) = R*(t — At). We consider
At to be negligible with respect to the rotational period of the planet, allowing us to
perform order 1 expansions.

In the inertial reference frame, we can write

% =R (RS- ARY) = x - A - @ xr) (41)

To take into account dissipations and inelasticity in our model, we replace r* by r* in
the tidal potential 40
Using the Andoyer variables defined by relations 49, we shall write

r* =t — At) + (A = N)w x r*(¢) (42)

Where w = d and N = \* — wAt

w
At first order in wAt, we can write

r* =r*(t — At) + (A = N)w x r*(t — At) (43)
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4.3 Interaction with the equatorial bulge

When a planet rotates, centrifugal forces tend to eject matter outside the axis of rotation
of the planet, raising an equatorial bulge around the planet. As a consequence, bodies
in the vicinity of the planet feel the potential created by this equatorial belt and their
motion is affected, on the other hand, bodies who don’t orbit in the equatorial plane of
the planet exert a torque on the equatorial bulge and affect the spin of the planet.

4.3.1 Equatorial bulge potential

Let’s assume that the planet is at hydrostatic equilibrium, thus, its angular momentum
is collinear with its axis of highest inertia and the matrix of inertia of the planet can be
written as

A 0 O
I=10 A O
0 0 C

A body outside the planet of mass m at position r* will feel the potential

Voerr (r*) = —/ Ldm(r) = ¢ /plamet f (%)n P, (cos S)dm(r) (44)

planet |r>k - I.| r

where the P, are the Legendre polynomials and cos .S is the angle between r and r*

1
Noticing that ‘r*Zr* = r2r*? — (r.r*)? dm(r) and / r? dm(r) = A+ =C
planet planet 2
and truncating the Legendre expansion at order 2 we can write
. Gm G(C-A) 2
Voert (r*) = — i 575 [ — 3(w.r") }
where w = d
w
m
The term ——— which corresponds to the point-mass gravitational potential should

be excluded, yleldlng this final form for the potential caused by the equatorial belt (Boué
and Laskar, 2006)
G(C - A)

%elt (I'*> - 27"*5

[r*2 — 3(w.r*)?] (45)

4.3.2 Valueof C - A

In the above expression, we would like to express C' — A as a function of the angular
velocity w of the planet. This can be achieved easily enough for an homogeneous planet
2
w Gm
when the hydrostatic equilibrium is supposed and when o = — < 1 where w, = R3p
w?
is the angular velocity for which centrifugal acceleration at the equator would compen-
sate gravity if the planet remained spherical. The value of « for the Earth is around

a = 0.00345
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In the rotating reference frame in spherical coordinates, the hydrostatic equilibrium
reads

1
—VP = —w?ré, + w?rsin 6 (sin 0é, — cos 0éy) (46)
p

yielding

1
P(r,0) = —§pw3 (1 —asin®6)r* + K

where the constant K is obtained from the conservation of volume in such a way that
the pressure at the surface is 0
One gets

1 2
K = §pw§R2 (1 — goz)

yielding the pressure everywhere inside the planet

1 2
P(r,0) = §pw3R2 (1 — 30 7* + ay*sin® 9) v = % (47)

The equation of the surface is given by the null isobar

1 2
%:1+§a (sin29—§>

The values of C' and A are now given by

2 27 m %ozR(sin2 0—%)
C = gmpR2 + / / / pr sin® Odrdfde
o Jo JR
2 ) 27 g %aR(sin2 97%) . )
A= 5mpR +/ / / pr sin @ cos® Odrdfde
o Jo JR

And we end up with

Csp = gmpRz (48)
1
C—-A= gmpRQOz

4.4 Establishment of H

In this section, we will sum up the results of the previous sections to get an expression
of the hamiltonian of the Star-Planet-Satellite problem in the case where the planet can
undergo tides.
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The canonical Andoyer variables are used to described the rotation of the planet and

are defined as
Action Angle

A=Cw A (49)
X = Acose ©

Where A is the rotation angle of the planet and ¢ its precession angle.

~

k
orbit
w equator

~ plane <£, j)
J

4.4.1 1In Jacobi and Andoyer variables
Using these variables, the kinetic energy of rotation of the planet is written as

A? 5A? (1 252 )

T = — = _
2C 4m,R? 12Gmf;R (50)

If we describe the positions of the bodies with Jacobi coordinates defined by equation 23,

m ) .
sat , T is the Planet-Satellite
Megat + Mpla

vector and ry is the (Planet-Satellite barycenter)-Star vector. From sections 4.1, 4.2 and
4.3, we finally write the hamiltonian of the problem under the form

the Planet-Star vector is written or + rg where § =

H = Hpoint—mass +

5A? < 252

- e ide 51
4m, R? 12Gm§;R> T Hben + Hu (51

where H oint-mass 15 Obtained in section 3.3, Hper is given by
5A’R W 2 5A2Rm, or 4 1g).w)”
m 1_3(rw> m 1—3 (0r +rg) . W (52)
|0r + 14

v/ sm2or 4
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and Hyiqe reads

Hiige = %sat/sat + Hsat/star + Hstar/sat + Hstar/star

Gm?R? 2 2
Hsatjsat = —ka k515 [3 (r.r*) — 2% }
5
Hsat/star = _k2 Gmm5R5 |:3 (I’. (51’ + I'S*))2 — 7“2 ‘51’ + I’S*|2]
2(6r +rX| ro
Gmm R5 2 2 2
Hsarsa:_ . |:3 I'*. (SI‘—i—I‘S —7“* 5I'+I's i|
t / t 22‘51'—’—1'5’57"*5 ( ( >) | ‘
G 2R5
Hstar/star = —k2 o = [3 ((or +r¥) . (6r + rs))2 — |or + r:‘}Q |or + rs|2]
210r + re|” |01 4+ rX

(53)

And, in accordance with notations from section 3.1, s subscript stands for the Star and
no subscript stands for the Satellite. Unlike section 3.1, we need to refer to the Planet
and we do so with a p subscript.

4.4.2 In Poincaré variables

We now would like to express our hamiltonian in function of the orbital elements and
then the Poincaré variables and the quantities defined in relations 29.

Let’s associate orbital elements a’, ¢, i, ', @', M" and o, €., i’,, ., @!, M. tor(t — At)
and rg(t — At) respectively. From equations 17 and 18, we are able to express terms of
the form ry.ro where ry and ro € {r(t),rs(t),r(t — At),rs(t — At)}, and from relations
54, we can express terms of the form w.(r; x ry). Finally, we can express Hiiqe as a
function of X\, X, the primed orbital elements and the unprimed ones.

We already expressed the term of kinetic energy of rotation as a function of A so
nothing left is to be done.

Expressing Hpoint-mass also uses equations 17 and 18 and is detailled in section 3.3.2

To express Hpey, we need to compute terms of the form r.w and rg.w. From the

figure at the beginning of section 4.4, we can write

1 0
r = 1rR3(Q)R1(i)Rs(w)Rs(v) | 0 w = Rs(p)Ri(e) | 0
0 1
. (54)
cosf@ —sinf 0 1 0 0
R3(0) = | sinf cosf 0| Ri(O)= [0 cosf —sinb
0 0 1 0 sinf cosf

We end up with
' w=sine cos(w +v) sin(p — Q) — sine cos i sin(w 4 v) cos(p — ) 4 cose sinisin(w +v) (55)
r

31



4.5 Establishment of the equations of motion

As tidal phenomena are not conservative, no potential exists from which tidal forces de-
rive. This means that the hamiltonian formalism doesn’t apply when tides are present
and we shouldn’t have been able to end up to the expression of a canonical hamilto-
nian in previous section. In fact, our way of modeling dissipation in section 4.2 implies
the introduction of a fictional perturbing body s whose orbital elements are related to
those of the non fictional perturbing body *. If we express the orbital elements of % as a
function of those of * in our hamiltonian H, we won’t be able to derive the equations of
motion from the Hamilton-Jacobi equations 2 and our hamiltonian won’t be canonical
anymore.

Indeed, when deriving the hamiltonian with respect to r* in order to obtain the time
derivative of T*, we only want r* to infinitesimally move, and not r*, as this latter was
only an artifact introduced to take into account the inelasticity of the Earth. That is
why, when deriving the hamiltonian with respect to r* to obtain the equations of motion,
r* should be viewed as constant. Thereafter only should it be replaced by its expression
in terms of r*

Nevertheless, in order to use the Lie formalism exposed in section 1, we need to get
rid of all occurrences of % beforehand in our hamiltonian as % doesn’t really exist, and
it means replacing it by its * dependent expression. As we can’t do so, section 1 doesn’t
apply here.

What we will do instead is the following procedure:

e step 1 | Obtain the hamiltonian of the problem written in term of Poincaré variables
using previous results of section 4

e step 2 | Write the hamiltonian in terms of the quantities defined in 29 using rela-
tions 30

e step 3 | Associate fictional primed orbital elements to r(t — At) and re(t — At)

e step 4 | Derive the equation of motion using equation 2 and relations 31 and 32.
The primed variables must be kept constant during the derivation.

e step 5 | Perform the change of variable defined by the generators W' and W
established in section 3.3.4 on the hamiltonian.

Once step 5 is completed, H and all its variables should be double-primed to be consistent
with notations from section 3 but, to avoid ambiguity with the fictional primed orbital
elements, we will drop the double-prime.

e step 6 | Get rid of the fictional primed variables by expressing them in term of the
unprimed ones

e step 7 | Integrate the equations of motion using results from section 4.6
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Note that step 6 appears after step 4, accordingly to what was said before.
Step 6 is performed like so

!/ /

a =a =z
¢=e y =y
=i n=n

! =1—nAt Which traduces into ' =1 —nAt
9 =9 9=y
h =h h =h

N =)\—wAt N =)\—wAt

Where X is defined in equation 43
What prevents us from using the hamiltonian formalism for this part is the presence
of dissipative effects in the hamiltonian Hyq.. Nevertheless, we could still apply the
oA° (1 250" ) + Hpers as this
4m, R? 12Gm3R belt
hamiltonian doesn’t traduce any loss in energy. Thereafter only could we apply the 7
previous steps. It is a priori not compulsory to do so.

Lie formalism on the Hamiltonian Hpoint-mass +

4.6 Integration of the equations of motion

Once all 7 steps of section 4.5 have been completed, we end up with a differential equation
of the form
&= F(x) (56)

Where v = "(L,G, H, L, G, Hy, N\, X, 1,9, h, 1, gs, hs, X, 0) = <Z> € R'% and F is the

vector field defined by F (Z) _ (_%_Z‘, ‘3_7;

been respected.
F' can be written ' = Fy + F} with

) with the order step 5 — step 6 having

OHo OHo OH, OH,
_ t| _ — bz 2T
HO = Hpoint—mass Hl =H - HO

Thanks to step 4, we have
Fo(z) = 1(0,0,0,0,0,0,0,0, v, v, Vi, Vi,, Va,, Vi, 0,0) = Cte

And equation 56 is extremely easily solved when F} is neglected. On the contrary, I}
can have whatever form in the coordinate system we went into during step 4, and we
won’t a priori be able to analytically solve equation 56 without neglecting F}
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4.6.1 Change of variable

We would like to perform a change of coordinates @’ = ®(z), close from the identity,
such that in this new coordinate system, we have

jﬁ'l = Fo(l'/)

That we can analytically solve.
We write
O=1,+7 (57)

Where Z is a vector field which complies with Z < I, such that we have, at first order,
> '=1,-2Z2+0(2?%
Performing first order expansions, equation 56 becomes

' = Fy(2') — dFy (") Z(2") + Fy (') + dZ(2") Fy(2) (58)
To reach our goal, we set
Y y) =dR(Y)Z(Y'y) —dZ(Y',) ) Fo(Y') (59)

Which is the vectorial equivalent of the scalar cohomological equation 5

The Jacobian of Fj and Z satisfy
(5) e | (50)
0n | Op Y, ) 1<iicn 9Y; ) 1<ij<n

AN AN
oY 1<i,j<n dy; 1<ij<n
And the vectorial cohomological equation 59 reduces to

0 " 07,

I/ [

é —1 g Oy
F (Y ) = — 60
1( ay) f1(Y/)<Z1,...,Zn) " | ( )

aZ2n

‘ Z 14% a
fn<Y,)<ZhJZn) k=1 Yk

The vectorial cohomological equation is thus solved by solving 2n independent scalar
cohomological equations, n being 8 in our case.
Results from subsection 1.2.2 can be used here. Let us write

—Fy =t Y ifl<i<n
kezn\{0}
fin—F, =+ Y ™ ifn+1<i<on
kezn\{0}
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And ‘
Zz' =29+ Z Zkelk'y,

keZm\{0}
We obtain
20 = Yo
2 = W
g 1k.y

4.6.2 Going back into the old variables

In the new primed variables, the equation of motion read

And their solutions are given by
V= Y] and y =g+ BV

The expressions of Y and y as a function of time are obtained by writing = = 2’ — Z(2)

5 Conclusion

Throughout this study, we have analytically solved the Three-Body problem, going to-
ward a more and more general problem as we first considered the restricted problem,
then we regarded the unrestricted one where the satellite had recovered its mass and
finally, whe took into account tidal and dissipative effects, where the planet had recov-
ered its dimension. Due to frequency shifts, our analytic model was able to produce
ephemeris for a certain amount of time only, but could give us the trend of the orbital
elements for far larger times, something a numerical integration can’t do as it slowly
diverges over time.

As this study produces plots of the results for the unrestricted problem, as well as
explicit expressions of some of the series manipulated by TRIP in appendix, it doesn’t
do so for the tidal effects. Indeed, only the theoretical work has been done for this part,
as we still hadn’t time to finish the code at the time of this report. Nevertheless, all
results needed to do so are in this report and we hope to be able to produce plots for
the oral defense on June the 25" 2019, or at least direct applications of the theory.

Even though it was dedicated to study the Sun-Earth-Moon system, this model could
be adapted to any reasonable Star-Planet-Satellite system, provided the truncation rules
are defined consequently.

The Lie formalism, used throughout this study, is a very powerful tool to deal with
hamiltonian systems, and can even be adapted in cases where the system is almost
hamiltonian, as was done in section 4. Nevertheless, the method asks huge amounts of
computation that can only be performed by an algebraic manipulator and gives rises to
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tremendous analytic expressions. Moreover, even if they were not discussed in this study,
some issues can arise from the cohomological equation in the case where resonances exist
in the system, and the method couldn’t be adapted as such to a system like Sun-Jupiter-
Trojans, for example. Despite its flaws, the Lie formalism stays one of the only way to

get analytic expressions of highly non-integrable problems such as a three-body problem
submitted to tidal phenomena.
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Appendices

A Development of Hpendutum up to N =5

Here are the results given by TRIP, under the form they were output, with N = 5. Note

that a = w?.

7_[/

5/64xaxx4xL7%x—6
+ 1/4xa*xx2xL %% —2
+ 1/2xL %2

14

— 1/384xaxx5*L %x—9

— 119/1536xaxx5*L %% —9
— 239/1536xaxx5*L %% —9
— 7/768%axx4xL *x—7

— 13/96%axx4xL *x—7

— 1/32xa*x3xL %% —5

— 5/32xaxx3xL’xx—5

— 1/8%a*x2xL %% —3

— lxaxD’sxx—1

UV =

— 15/32xaxx4xL07 %% —T\\
— 1/2%a%x2xL0 %% —3\\
+ 1xL0’\\

Iy =

— 193/640%a*x5%L0%x—10
— 591/128*ax*5%xL0*x—10
— 99/16%a*+5xL0%*x—10
— 93/256%a*%4xL0*x—8
— 47/16xa%x4xL0%*%x—8

— 11/24%a%x3%xL0%x—6

— 11/8*%a*x3xL0*x—6

— 5/8*axx2xL0xx—4

— lxaxL0%x—2

+ 1x10

L

xsin (5x17)
xsin (3%17)
xsin (1)
xsin (4x17)
xsin (2x17)
xsin (3x17)
(1)
(2x1
(1)

xsin (5%10)
*sin(3*10)
*xsin (10)
xsin (4%10)
xsin (2%10)
*sin(S*lO)
*xsin (10)
*sin(2*10)
(10)

*sin

— 7/128%axx5xL0*x—9
— 175/128x%a**5%xL0%x—9
— 175/32xaxx5%L0*x—9
— 5/64xaxxdxL0%x—7

— 5/4xaxx4xL0%xx—7

— 45/32xaxx4xL0%xx—7
— 1/8xa*x*3xL0%x—5

— 9/8xa*x%3xL0%x—5

— 1/4xa*%x2xL0*x—3

— 1/2xa*%x2xL0%*x—3

xcos (5x10)
*cos(S*IO)
*xcos (10)

xcos (4%10)
xcos (2%10)

xcos (3x10)
xcos (10)
xcos (2x10)

— 1xaxL0*x—1 xcos (10)
+ 1xL0
I(t) =
1/1280%L0 *% —10%ax*5 xsin (5107 + 5H*nuxt)
+ 1/256%L0 %% —8xaxx4 xsin (4%10 7 + 4xnuxt)
+ 1/48%L0 *x —6xax*3 xsin (3107 + 3xnuxt)
+ 3/64xL0 %% —10%a*x*5 xsin (3x107 + 3xnuxt)
+ 1/8x%L07#x —4dkax*2 x8in (2x107 + 2xnuxt)
+ 3/16xL0 %% —8xax*4 xsin (2107 + 2xnuxt)
+ 1%L0’%%x —2xa xsin (107 + nuxt)
+ 11/16%L0 %% —6xax*3 xsin (107 + nuxt)
+ 247/256%L0 %% —10*xax*x5 *sin (10’ + nuxt)
+ 1xt*xnu
+ 1x10°
L(t) =
1/256+L0 %% —9xax*5 xcos (510" + Hxnuxt)
+ 1/64xL0°*x—T7xaxx4d xcos(4x10° + 4xnuxt)
+ 1/16%L0°*x—5xaxx3 xcos(3%x10’ + 3xnuxt)
+ 7/64%L0°xx —9%axx5 *cos(3%10° + 3*nuxt)
+ 1/4%L07%% —3kax*2 xcos (2%107 + 2%nuxt)
+ 1/4xL0 %% —Txaxx4 xcos (2x10° 4 2xnuxt)
+ 1xL0’x%x —1%a xcos (107 + nuxt)
+ 3/16%xL0°%x—5xaxx3 xcos (10’ + nuxt)
+ 39/256%L0 x*x —9*xa*x*x5%xcos (10’ + nuxt)
+ 1xL0°

1/2%L07 %% —3xa*x*2
15/32xL0 %% —Txaxx4
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B TRIP code to obtain H;

Here is shown the source code that enabled me to express the hamiltonian H; as a
function of the quantities defined in relations 29 and the variables of Poincaré.

macro main{
_echo off$
_modenum=NUMRATMP$ // To perform exact computation
_affdist=4$ // To display series in terms of sinus and cosinus
_cleanflag—0$
_mode = POLP$
1xeps$ // To sort series by order

delpow=1$ //The order of the different small quantities
xipow=18$

etapow—2$

xpow=18%

ypow=1$

xspow=1$%

kappow—4$

yspow=>5$

%init _angle$
N=13$

tel=({eps ,N})$
tro=({rsurrs ,N})$
tr=(tro, tel)$
usetronc (tel)$

%cosS$
cosS=%simplifysq2|cosS|$
%H1$
H1;
saveF (H1)$
1$
macro init angle{
llzexpl(l 1,0)$% //complex mean anomaly of the moon
gg=expi(g,1,0)$ //complex argument of the periapsis of the moon
hh=expi (h,1 0) //complex longitude of the ascending node of the moon

11s=expi(ls,1,0) //d(1s)/dt=nuk
ggs=expi(gs,1,0)
hhs=expi(hs,1,0)

}$

macro simplifysq2[ser]|{
private nmin,nmax,a,terme,inutile ,parite,serie ,n$
serie=ser$
nmin=puismin (serie ,sq2)$
nmax—=puismax (serie ,sq2)$
n=max (abs (nmax) ,abs(nmin))$
for a=0 to n step 2{
terme=coef ext(serie ,(sq2,a))$

//same but for the sun

hH A PH

38



if (terme != 0) then {
serie=serie —sq2x*axterme+2xx*(a/2)xterme$

18
terme=coef ext(serie ,(sq2,—a))$
if (terme != 0) then {
serie=serie —sq2*x—axterme+2%x(—a/2)xterme$
18
18

for a=1 to n step 2{
terme=coef ext(serie ,(sq2,a))$
if (terme != 0) then {
serie=serie —sq2x*xaxterme+2xx((a—1)/2)xtermexsq2$

18

terme=coef ext(serie ,(sq2,—a))$

if (terme != 0) then {
serie=serie —sq2xx—axterme-+2xx((—a—1)/2)xtermexsq2$
18
18
return serie$

18
macro cosS{

private si,sis ,subste,substes$
efftronc$

Expiv(N+1)$

vv=subst (_Expiv,X, 11xgg)$
vvs=subst (_ Expiv,X, llsxggs)$
usetronc (tel)$

subste=sq2*x*epsk*(xpow)* (1l —x**2%eps**(2xxpow)/2)*x%(1/2)$
substes=sq2*xs*xeps*x(xspow )*(1 —xs**2xeps*(2xxSpow ) /2) % (
vv=subst (vv,e,subste)$

vvs=subst (vvs,e,substes)$

1/2)$

si=(1/(1—x**2xeps**(2xxpow)))*x(1/2)
sis=(1/(1—xs*%2xeps**(2*xxspow)))*x (1
si=sixyxeps*x*(ypow)/sq2$
sis=sisxysxepsx*x(yspow)/sq28$

$ // si is gamma—sin (i/2)
/2)8

SS=ggxx—1xggs*kx—1xvvkvvsx*(sixhhx(1—sis**2)xx(1/2)—
sisxhhs#(1—si*xx2)xx(1/2))*%2+ ggsxggrx—lxvvrvvssk—1
*(((1—si*%2)%(1—sis*%2))*%(1/2)+ si*sissxhhxhhssx—1)*%2§

cosS—=real (SS)$
18
macro H1{

private rsa,asrs,ro,J,subste,substes$
efftronc$
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RsA (N+1)$

AsR(N+1)$
rsa=subst (_RsA X, 11xgg)$
asrs—subst (_AsR,X, llsxggs)$
usetronc (tel)$

subste=sq2*x*epsk*(xpow)* (1l —x**2%eps**(2xxpow)/2)*x%(1/2)$
substes=sq2*xs*xeps*x(xspow )*(1 —xs**2xeps*(2xxSpow ) /2) % (

rsa=—subst (rsa ,e,subste)$
asrs=subst (asrs ,e,substes)$
rsa=%simplifysq2[rsa]$
asrs=%simplifysq2[asrs]|$

usetronc (tr)$
rsaxasrs$

1/2)$

ro=rsa*asrskxkapxx—lxxikx—2%etaxxdxeps*x(4dxetapow —2«xxipow—kappow) $§

J=1—(1—delxeps**(delpow))*(1+ del**2xeps*x(2xdelpow)*rsurrs 2+
2xdelxepsxx(delpow)*rsurrsxs)xx(—1/2)—delxepsx*x(delpow)x
(1+(1—delxeps*x(delpow))**x2sx rsurrs*x2—2%(1—delxepsxx(delpow))

xrsurrsxs)*sx(—1/2)8%

J=subst (J,s,cosS)$

J=subst (J,rsurrs ,ro)$

Hl=asrs*J$

H1=%simplifysq2 [H1]$
18

C Explicit expression of 7 in the three-body problem

Here is given the expression of the perturbative part of the hamiltonian of the three
body problem as a function of the Poincaré variables and the quantities defines in 29,
such as output by TRIP. Note that ¢ (eps) is a fictional variable whose power indicates
the order of the term while s¢g2 and del are V2 and & respectively. Terms up to the 8

order are displayed
We have

3/4x delxeps*x5
1/4xdelxeps*x5
3/4xdel*sq2xxxeps*x6
3/8xdel*sq2xxsxeps*x6
3/4xdel xx2xeps**6
21/8+del*sq2+xsxeps*x6
1/2xdelxsq2xxxeps**6
9/4xdel*sq2*xxeps*x6
3/4xdel*sq2xxsxeps*x6
1/4xdel*x2xeps*x6

e S B

L2 4 .2
2853K8%1 -
psBin
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2x1s + 2x1)

2xls + g + 3x1)
gs — ls + 2x1)
2x1s + 2x1)

gs — 3xls + 2x1)
g+ 1)

2xls — g + 1)

gs + ls)



I+ +

+

ol

Jr

Jr

I+ +

+

L+ D+

1+

I+

3/2xdelxx*x2%xeps*xT
3/4xdelxxsxxxeps*xT
3/4xdel xx2xsq2*x*xeps*x7
21/4x del*xs*x*eps*xT
5/8xdel*xixx—2xkapsk—1lxetaxkdxeps**7
1/4xdel xx*x2%xepsx*7
3/4xdelxy**2%xeps*xT
3/8xdel*x*2xsq2%xs*xeps*xT
15/4xdel xxs**2xeps**7
3/4xdel xy*x2%eps* *T
15/4xdel xxx*2x eps**T7
21/8xdel x%2xsq2+xs*eps*x7
51/4xdelxxs**x2xeps*xT
3/2xdelxxsxxxeps*xT
1/2xdel %%x2xsq2*x*eps**7
3/2xdelsxssxskeps* T
3/8xdel*xixx—2xkapsk—lxetaxkdxeps*xT7
9/4xdel xxsxxxeps*xT

9/4x del xx2xsq2+x*xeps*x7
63/4xdelxxsxxkeps*xT

15/4x del xxx*2x eps**7
3/4xdelxy*x2xeps**T
9/4xdel*xs**x2xeps*xT
3/4xdel xx2xsq2+xs*xeps*xT
3/4xdelxxs*x2xeps*xT
3/4xdel xy*x2%eps* *T
3/4xdel xx*x2%xeps*xT
25/16xdel*sq2xx**3%xeps**8
3/4xdel*sq2xxs*xX**x2%epS 8
3/2xdel x*2xxx%x2x epsx*8
21/4xdel*sq2xxs*xx**2xeps*x8

15/16+ delxxi*xx—2xkap**—1xsq2xetaxx4dsxxeps**x8*cos

1/8xdelxsq2xx*x3xeps**8
3/4xdelxsq2xy**2xxxeps**8
3/4xdel x*2xxs*x*epS**8
15/4xdelxsq2*xs*x2%x*eps *x*8
3/4xdel xsq2xyx*2xx*xeps**8
15/4xdel xsq2xx*xx3xepsx*8
21/4xdel xx2xxs*xx*xeps*x8
51/4xdel*sq2+xs**2xxX*xeps**8

5/8xdelxxixx—2xkapxx—1xsq2xxs*keta*xdxeps*x8
15/8+ del %2 xi*x—2xkap*x—1xeta*x*4dxeps*x8

25 /8« del*xixx—2xkapskx—1xsq2+xsketa**xdxeps*x8*cos

3/8xdel*sq2*xs*x**x2keps %8
1/4xdel x2xx*x2xeps**8
3/8xdel*sq2xxs*x**x2%eps*x8

3/16xdel* xixx—2xkapxx—1lxsq2xeta*xxdxxkeps*x8

9/8xdel*sq2*xs*y**x2%eps %8
3/4xdel xx2xyxx2xepsx*8

9/8xdel*sq2xxs*y**x2%eps*x8
1/32xdel xsq2xxs*x3xeps**8
3/16xdel*sq2xxs*x*x3xeps**8
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2xls + 2xg + 4x1)
gs — s + g + 3x1)
2x1s + g + 3x1)

gs — 3xls + g + 3x1)
3xls + 3x1)

2%xg + 2x%1)

2xh + 2x1)

gs — ls + 2x1)
2x1s + 2x1)

2x1ls + 2x1)

2x1ls + 2x1)

gs — 3xls + 2x1)
2xgs — 4xls + 2x1)
gs + Is + g+ 1)

g+ 1)
gs — 1s + g+ 1)
Is + 1)

gs — ls — g+ 1)
2xls — g + 1)

gs — 3xls — g+ 1)
2xls + 2xg)

2x1s + 2xh)

2%xgs + 2xls)

gs + l1s)

2xls + 3xg + 5x1)

gs — ls + 2xg + 4x1)
2xls + 2xg + 4x1)

gs — 3xls + 2xg + 4x1)
3xls + g + 4x1)

3xg + 3x1)

2xh + g + 3x1)

gs — 1Is + g + 3x1)
2x1ls + g + 3x1)

2xls + g + 3x1)

2xls + g + 3x1)

gs — 3xls + g + 3x1)
2xgs — 4xls + g + 3x1)
gs — 2xls + 3x1)
3xls + 3x1)

gs — 4xls + 3x1)

gs + ls + 2xg + 2x1)
2xg + 2x1)

gs — ls + 2xg + 2x1)
Is + g + 2x1)

gs + ls + 2xh + 2x1)
2xh + 2x1)

gs — s + 2xh + 2x1)
3xgs + ls + 2x1)

gs — ls + 2x1)



|+ + 4+ | ++++ |

Jr

+ o+ A+

L+ +

Jr

+ 4+ +
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+ 1+

3/8xdel*sq2xxsxy**2%eps**8 *cos (
15/8xdelxsq2*xs*xx**2xeps %8 *cos (
15/4x del #x2x xs**x2%xeps **8 % oS (
3/4xdel xx2xyxx2xepsx*8 *CcOs (
15/4x del x2xx**2% eps**8 *cos (
195/16x« del*sq2*xs**3xeps**8 *cos (
21/8xdel*sq2xxs*y**2%eps*x8 *cos (
105 /8% del*xsq2xxs*xx**2%eps x*8 *Cos (
51/4xdel x%2xxsx*2xeps**8 % oS (
845/32xdel*sq2xxs**3xeps*x8 *cos (
45/16x delx xisxx—2xkapsx—1sxsq2xeta*xxdxxxeps*x8* cos (
7/16xdel*sq2*x*x*x3%eps**8 *cos (
3/4xdelxsq2xy*x2xxxeps**8 *cos (
9/4xdel*sq2xxs**2xx*epS**8 *xCos (
3/2xdel xx2%xxsxx*Eeps**8 *xcos (
3/2xdel*sq2xxs**2%xx*keps**8 *xcos (
3/2xdel*sq2xy**2xxkeps**8 *cos (
1/4xdel*sq2*x**x3xeps*x8 *cos (
3/2xdel x*2xxs*x*epS**8 *cos (
9/4xdel*sq2xxs**2xx*epS**8 *xcos (
3/4xdel*sq2xy**2xxkeps**8 *cos (
3/8xdel*xi*x—2xkapsx—1xsq2xxsketa*xxdxeps**x8 *cos (
9/8xdel x*2x xixx—2xkapxx—lxetaxxdxeps**8 xcos (
9/8xdelxxixx—2xkapsx—1xsq2xxsxetaxxdxeps*x8 *cos(
9/4xdelxsq2xy*x2xxxeps**8 *xcos (
9/4xdel xx2%xxsxx*Eeps**8 *cos (
45/4xdelxsq2xxs**2%x*xeps**8 *cos (
9/4xdel*sq2xy**2xxkeps**8 *cos (
3xdelxsq2xx*xx3xeps**8 *cos (
63/4xdel x%2xxs*x*epS**8 % oS (
153 /4xdel xsq2*xs*x*2xxxepS**8 *xcos (
105/8+del*xsq2*xskx**2%eps**8 *cos (
15/4xdel %25 x**x2%eps**8 *xcos (
15/8xdelxsq2*xs*xx*%2xeps %8 *cos (
15/16xdelxxi*xx—2xkap*x—1xsq2xetaxxdxxxeps**8k cos (
21/8xdel*sq2xxs*xy**2%xeps*x8 *xcos (
3/4xdel x%2xyxx2x eps x*8 *cos (
3/8xdel*sq2xxsxy**2%xeps**8 *cos (
53/16xdel*sq2xxs**3%eps**8 *cos (
9/4xdel x%2xxs*x*2x epsx*8 xcos (
3/2xdel*xsq2*xxs*x3xeps*%8 *xcos (
9/4xdel*sq2xxsxy**2%xeps**8 *cos (
9/4xdel*sq2xxsxx*k*2%eps**8 *xcos (

3/4xdel xx2xxs**%2xeps %8
3/4xdel x*2xyxx2xepsx*8
3/4xdel x%2xxx%x2x eps*x*8
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gs — ls + 2x1)

gs — ls + 2x1)
2x%1s + 2x1)

2x1s + 2x1)

2x1ls + 2x1)

gs — 3xls + 2x1)
gs — 3xls + 2x1)
gs — 3xls + 2x1)
2xgs — 4xls + 2x1)
3xgs — Hxls + 2x1)
3xls — g + 2x1)

2xls + 3xg + 1)

2x1s + 2xh + g + 1)
2xgs + 2xls + g + 1)
gs +1s + g+ 1)

g + 1)

g + 1)

g+ 1)

gs — Is + g+ 1)
2xgs — 2xls + g + 1)
2x1ls — 2xh + g + 1)
gs + 1)

Is + 1)

gs — 2xls + 1)

2%xh — g + 1)

gs — ls — g+ 1)
2xls — g + 1)

2xls — g + 1)

2xls — g + 1)

gs — 3xls — g+ 1)
2xgs — 4xls — g + 1)
gs + 3xls + 2xg)
2x1ls + 2xg)

gs + ls + 2xg)

Is + g)

gs + 3xls + 2xh)
2x1s + 2xh)

gs + ls + 2xh)

3xgs + 3xls)

2xgs + 2x1s)

gs + 1s)

gs + ls)

gs + ls)



D TRIP code for the Lie transformation

Here is shown the code source that enabled to perform the Lie transformation and then
go back into the unprimed variables.

D.1 Lie transformation and change of variables

The following TRIP code performs the 2 steps of the Lie transformation and then
computes series that give the expressions of the double primed variables as a function
of the unprimed ones, and reciprocally.

macro main [N]{
_echo off$
_ modenum=NUMRATMP$
" affdist—4$
_cleanflag=0%
_mode = POLP$
1xeps$ // To sort series by order

delpow=1$ //The order of the different small quantities
xipow=1§

etapow=2%

xpow—18%

ypow=1%

xspow=—1%

kappow=4$

ysSpow=>5$

%init _angle$

nmax=15$

count=08%

dim les phi[0:nmax,0:nmax|$ //holds the calculated phi_ (j,p)
dim est_calcules [0:nmax,0:nmax|$ //boolean matrix

dim H[0:nmax|$ //holds the H_n

dim W[0:nmax|$ //holds the W_n

dim WT[0:1]$ WI[0]=0% WI[1]=0$

dim newH[0:nmax]$ //holds the transformed hamiltonians

%derivation$
efftronc$

loadF (H1) $
tel=({eps ,N})$

usetronc (tel)$

H1=1xH1$

efftronc$

Hl=mus**2%bets *x3x Lsxx—2xH1$

HO=mus**2xkap*+2x xi*x3xbetsxx3xeps**(2xkappow+3xxipow —4dxetapow )
/(2% eta*xx4xLs*x%2) —mus**2xbets**3/(2xLsxx2)$
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%initialisation$
%deprit$

usetronc (tel)$
H[1]=1«H[1]$
H[0]=1%H[0]$
R=H[0]+H[1]$
NE=%trans _lie["1k"]$

epsmin=puismin (NH-coef ext (NH,(x,0),(y,0),(xs,0),(ys,0)),eps)$
HO=coef_ext (NH-coef_ext (NH,(x,0),(y,0),(xs,0),(ys,0)),(eps,epsmin))
xeps**(epsmin)+H|0];

H1=NH-HO0$

%initialisation$
R-H[O]+H[1]$
NH2=%trans _lie["ghgs"]|$

NH2-%simplifysq2 [NH2]$
WI0]=%simplifysq2 [WT[O]] $
WI1|=%simplifysq2 [WI[1]]$

_path="resultats /o"+str (N)+"/"$
saveF (NH2) $

/*computation of the frequenciesx/

nul=%simplifysq2[%dL[NH2]] $stat (nuL)$
saveF (nul)$

nuG=%simplifysq2[%dG[NH2]] $stat (nuG)$
saveF (nuG) $

nubHE=%simplifysq2|%dH|NH2]|| $stat (nuH) $
saveF (nuH) $

nuLs=%simplifysq2[%dLs [NH2]] $stat (nuLs)$
saveF (nuLs)$
nuGs—%simplifysq2|%dGs|[NH2]]| $stat (nuGs) $
saveF (nuGs) $
nuHs=%simplifysq2|[%dHs[NH2]]| $stat (nuHs)$
saveF (nuHs) $

/* double primed variables as a function
of the unprimed ones x/

Inew=%simplifysq2[%old to new[1]] $stat (lnew)$
saveF (lnew)$

gnew=%simplifysq2[%old to new|[g]] $stat (gnew)$
saveF (gnew)$

hnew=%simplifysq2[%old_to_new|[h]]|$ stat (hnew)$
saveF (hnew)$

Isnew=%simplifysq2[%old to new|[ls]] $stat (lsnew)$
saveF (lsnew)$
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gsnew=rsimplifysq2[%old_to_new|[gs]] $stat (gsnew)$
saveF (gsnew)$

hsnew=%simplifysq2[%old to new|[hs|]$ stat (hsnew)S$
saveF (hsnew)$

xnew=%simplifysq2|%old_to_ new|xxepsxx(xpow)]|]| $stat (xnew)$
saveF (xnew)$

ynew=%simplifysq2|[%old to_ new|[yxeps*x*(ypow)]] $stat (ynew)$
saveF (ynew)$

xsnew=%simplifysq2[%old to new|xskeps**(xspow)]||$ stat(xsnew)S$
saveF (xsnew)$

ysnew=Vsimplifysq2[%old to new|ysseps*x(yspow)]|| $stat (ysnew)S$
saveF (ysnew)$

etanew=%simplifysq2|[%old_to new|etaxepsx*(etapow )]|]| $stat (etanew)$
saveF (etanew)$

Lsnew=%simplifysq2[%old_to_new|[Ls]]$ stat (Lsnew)S$

saveF (Lsnew) $

/* Unprimed variables as a function
of the double primed onesx/

lold=%simplifysq2[%new_to_old[1]] $stat (lold)$
saveF (lold)$

gold=%simplifysq2|[%new_ to_old[g]] $stat (gold)$
saveF (gold)$

hold=%simplifysq2[%new_to_old[h]]$ stat (hold)$
saveF (hold)$

lsold=%simplifysq2[%new_to_old[1ls ]] $stat (lsold)$
saveF (1sold)$
gsold=%simplifysq2[%new_to_old[gs]|] $stat (gsold)$
saveF (gsold)$
hsold=%simplifysq2[%new_to_old[hs]]$ stat (hsold)$
saveF (hsold)$

xold=%simplifysq2[%new to_ old[x*xeps=*x(xpow)]] $stat (xold)$
saveF (xold)$

yold=%simplifysq2|[%new to_ old|yxeps**(ypow)]|]| $stat (yold)$
saveF (yold)$

xsold=simplifysq2|%new to_old|xsxeps**(xspow)|]|$ stat(xsold)$
saveF (xsold)$

ysold=%simplifysq2[%new to_old[ysxeps*x(yspow)]|] $stat (ysold)$
saveF (ysold)$

etaold=%simplifysq2|%new_ to_old|etaxepsxx(etapow)]|]| $stat (etaold)$
saveF (etaold)$

Lsold=%simplifysq2[%new to_old[Ls]|]$ stat(Lsold)$

saveF (Lsold)$

18

macro derivation{ /*This macro enables to define derivation wrt action
variables and thus the poisson bracket operation.x/
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dxdL==x=xeps x*x(xpow—2%etapow )/ (2x etax*2xLs)$
dydL=y=xeps x*x(ypow—2%etapow )/ (2xetax*2xLs)$
detadL=1/(2xetaxepsxx(etapow)*xLs)$

dxdG=1/(2%x*eta**2xeps**(xpow+2+etapow )*xLs)$
dydZ=1/(2xyxetaxx2xeps*x(ypow-+2xetapow )*xLs)$

dxsdLs=xsx*eps*x(xspow)/(2%Ls)$
dysdLs=ys*eps*x*(yspow)/(2+Ls)$
detadLs=etaxeps*x(etapow)/(2+Ls)$

dxsdGs=1/(2xxs*eps xx(xspow )xLs)$
dysdZs=1/(2xys*eps**(yspow)*Ls)$

macro dL[f]{
return epsx#(—xpow)sdxdLxderiv (f,x)+eps*x(—ypow)xdydLxderiv (f,y)
+eps*x(—etapow )*detadLxderiv (f,eta)$

18

macro dGJ[f]{
return eps#x(—xpow)*dxdGxderiv (f,x)$

18

macro dH[f]{
return eps*x(—ypow)xdydZxderiv (f,y)$

1$

macro dLs[f]{
return epssx(—xspow)xdxsdLsxderiv (f,xs)+eps*x(—yspow)xdysdLsx
deriv (f,ys)+eps*x(—etapow)*xdetadLsxderiv (f,eta)+deriv(f,Ls)$

1$

macro dGs[f]{
return eps*x(—xspow)xdxsdGs*deriv (f,xs)$

1$

macro dHs[f]{
return eps*x(—yspow)*dysdZsxderiv (f,ys)$

18

macro crochet [fl,f2]{ //The poisson bracket
private res$
res=%dL[f1 ]|+ deriv (f2,1)—deriv (f1,1)*%dL[f2]$
res=res+%dG[f1 ]+ deriv (f2,g)—deriv (fl,g)«x%dG[f2]$
res=res+%dH][ f1]|xderiv (f2 ,h)—deriv (f1 ,h)*x%dH[{2]$
res=res+%dLs|[fl]xderiv (f2,1s)—deriv (fl,1s)x%dLs[{2]$
res=res+%dGs| 1|« deriv (f2,gs)—deriv (f1,gs)«%dGs|f2]$
res=res+%dHs[f1]xderiv (f2,hs)—deriv (f1 ,hs)*%dHs[f2]$
return res$
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18

macro init_angle{

18

,0)8
,0)8
,0)8

1
1

llzexpl(l,
gg—expi(g,1
hh=expi (h,1
(Is,1,0)
(gs,1,0)
(hs,1,0)

lls=expi

ggs=expi
hhs=expi

>hH LH PH

11s0=expi(ls0,1,0
hhsO=expi(hs0,1,0
ggsO=expi(gs0,1,0
nnuK=expi (nuKt,1,
nnuH—expi (nuHt, 1,
nnuG=expi (nuGt,1,
nnul=expi (nulLt,1,
110=expi(10,1,0)$
ggl0—expi(g0,1,0)$
hhO0=expi(h0,1,0)$
l1In0=expi(Iln0,1,0)$
ggnO=expi(gn0,1,0)$
hhnO=expi(hn0,1,0)$

macro initialisation {

18

private a$
private b$

H[0]=HO0$
H[1]—H1$

for a=2 to nmax{H[a]=0$}$

for a=0 to nmax{
for b=0 to nmax{
est _calcules|[a,b]=0$
les _phi|a,b]=0$
18
18

for a=0 to nmax{
est _calcules|a,0]=18$
les _phi[a,0]=H[a]$
W[a]=08
newH[a]=0%

18
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macro deprit{ //compute the phi_j"p of the Deprit’s formula
macro phi_aux[j]{ // auxiliary macro to deprit
private Z$
if (j==0) then {
return H[0]$
stop$
}
else {
if (est _calcules[j,j]==1) then {
return les_phi[j,j]|$
stop$
}
else {
Z=%crochet [W[1],%phi_aux[j—1]]$
est _calcules|j,j|=1%
les _philj,j|=7$
return 7Z$
stop$

1$
1$

macro phi[j,p]{ // calcule les phi j"p
private Z$
private a$
private b$
b=j—p+1$
if (j=p) then {
return %phi_aux|[j]$
stop$
}
else {
if (est calcules[j,p]==1) then {
return les phi[j,p]$

stop$

}

else {
Z=0$%
for a=1 to b {

Z=Z+%crochet [W[a],%phi[j—a,p—1]]$

1$
est _calcules|j,p|=1%
les _philj,p|=7$
return 7Z$
stop$

19

1$
16
1$

macro psif[c]{ //Compute the psi_c of deprit’s formula
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private res$

private a$

res=H[c]|$

for a=1 to c—1 {
res=rest+%crochet [W[a] ,H[c—a]]$

18

for a=2 to ¢ {
res=res+%phi[c,a]/fac(a)$

18

return res$

18

macro trans_lie[drapeau]{
private NHS$
private NHa$
private pour_resolution$
private res, a_rajouter$
private a$
private k1,k2,k3,k4$
private dminl, dmin2, dmaxl, dmax2, dmin3, dmin4, dmax3, dmax4$
private var,varl,var2,var3,vard ,nul,nu2,nu3,nu4,nu$
switch (drapeau)q{
case "l1k" : { // k=ls
varl=11$
var2=11s$
nul=%dL[H[0]];
nu2=%dLs[H[0]];
for a=1 to nmax{
a;
pour resolution=%psi[a]$
pour _resolution=%simplifysq2[pour resolution]$
NHa=coef ext(pour_resolution,(varl,0),(var2,0))$
newH | a]|=NHa$
pour resolution=pour resolution —NHa$
res=0%
dminl=puismin (pour resolution ,varl)$
dmaxl=puismax (pour_resolution ,varl)$
dmin2=puismin ( pour resolution ,var2)$
dmax2=puismax (pour _resolution ,var2)$
for kl=dminl to dmax1{
for k2=dmin2 to dmax2{
if (k1!=0 || k2!=0) then {
res=res+coef ext(pour resolution,(varl,kl), (var2,k2))
xvarl "klxvar2°k2/(i*(kls*nul+k2xnu2))$
1$
1$
18
res—l*res$
Wla|=res$
WT[ count|=WTI[ count]+1+W[a]$
nmaxlk=nmax$
if (res==0) then {nmaxlk=a$ stop;}$

49



13
18
case "ghgs" : {

varl=gg$

var2=hh$

var3=ggs$

nul=%dG[H[0]];

nu2=%dH[H[0]];

nu3=%dGs[H[0]];

for a=1 to nmax{

a;
pour _resolution=%psi|a|$
pour resolution=%simplifysq2[pour resolution]$
res=0$
dminl=puismin (pour resolution ,varl)
dmaxl=puismax (pour resolution ,varl)
dmin2=puismin (pour resolution ,var2)
dmax2=puismax (pour_resolution ,var2)
dmin3=puismin (pour resolution ,var3)
dmax3=puismax (pour resolution ,var3)
NHa=coef _ext (pour_resolution ,(varl,0),(var2,0),(var3,0))$
for kl=dminl to dmaxl {
for k2=dmin2 to dmax2 {
for k3=dmin3 to dmax3 {
if (kl*nul+k2+nu2+k3*nud3==0 && (k1!=0 || k2!=0 || k3!=0 )) then {

a_rajouter—coef ext(pour resolution ,(varl, kl),(var2,k2),(var3, k3));

NHa=NHata rajoutersvarl klsxvar2 k2xvar3"k3$

if (a_rajouter!=0) then {

NHa;
};

1$
18
19
pour resolution=pour resolution —NHa$
for kl=dminl to dmaxl {
for k2=dmin2 to dmax2 {
for k3=dmin3 to dmax3 {
if (kl*nul+k2+nu2+k3*nud+kd*nud!=0 && (k1!=0 || k2!=0 || k3!=0)) then {
a_rajouter=coef ext(pour resolution ,(varl,fkl),(var2,k2),(var3 ,k3))$
res=res+a_rajouterxvarl klxvar2-k2xvar3"k3/(ix(kl+*nul+k2+«nu2+k3*nu3))$
13
1$
18
19
newH [ a]=NHa$
res=1sres$
Wla|=res$
WTI| count |=WTI| count|+1+sW|a|$
nmaxgh—nmax$
if (res==0) then {nmaxgh=a$ stop;}$

18

a0



18
case "hs" :{
var=hhs$
nu=%dHs[H[0]] $
for a=1 to nmax{
a;
pour resolution=%psi[a]$
pour resolution=%simplifysq2[pour resolution]$
NHa—=coef ext(pour resolution ,(varl,0),(var2,0))$
newH | a]|=NHa$
pour resolution=pour _resolution —NHa$
res=0$
dminl=puismin (pour resolution ,var)
dmaxl=puismax (pour_resolution ,var)
for kl=dminl to dmaxl {
if (k1!=0) then {
res=res+coef _ext(pour_resolution ,(var, kl))svar "kl /(i*(kl*nul))S$

$
$

18
18
res=1xres$
Wla|=res$

WTI| count|=WTI| count |+1+sW|a|$
nmaxhs—nmax$
if (res==0) then {nmaxhs=a$ stop;}$
19
nmax=max ( nmaxlk , nmaxgh , nmaxhs) §
1$
1$
NH=H[0] $
for a=1 to nmax{
newH|[a]|$
NH=NHtnewH|[a]|$
1$
count=count+1$
return %simplifysq2 [NH]$

18

macro trans_all[gen,old]{
private q, new, newT$
dim new[0:nmax]$
new[0]=o0ld$
newT=0%
for q=1 to nmax{
new [q]=%crochet [gen ,new|[q—1]]$

for q=0 to nmax{
newT=newT+1snew|q|/fac(q)$

1$
return newT$

18

macro old to new|[var]{
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private aux$

aux=var$

aux=Vtrans _all[-WI[1],aux]$
aux=rtrans _all[-WI[0] ,aux]$
return aux$

I

macro new_to_old[var]{
private aux$
aux—var$
aux="trans_all [WI[0] ,aux]$
aux=rtrans_all [WI[1],aux]|$
return aux$

18

D.2 Integration of #H"
The following TRIP code integrates the trivially integrable hamiltonian H"

macro main [N]{

_echo off$

_ modenum=NUMRATMP$
_affdist=4$
_cleanflag=—0$
_mode = POLP$

_path="resultats /o"+str (N)+"/"$
%init _angle$

loadF (nul)
loadF (nuG)
loadF (nuH)
loadF (nuLs
loadF (nuGs

(

$
$
$
)
)
loadF (nuHs)

$
$
$

loadF
loadF
loadF
loadF
loadF
loadF

lnew)
gnew)
hnew)
Isnew
gsnew
hsnew

$
$
$
)
)
)

$
$
$

loadF
loadF
loadF
loadF
loadF
loadF

xnew) $
ynew)$
Xsnew )
ysnew )
etanew

Lsnew)

$
$
)$
$

NN N NN
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loadF
loadF
loadF
loadF
loadF
loadF

lold)$
gold)$
hold) $
Isold)
gsold)

)

$
$
hsold)$

loadF
loadF
loadF
loadF
loadF
loadF

xold)$
yold)$
xsold)
ysold)
etaold
Lsold)

$

NN N N N

$
$
)
$

msg(" Series are loaded in ram")$

%integration$

saveF (lold0)$

saveF (gold0)$

saveF (hold0)$

saveF (1s0ld0)$
(
(

saveF (gsold0)$
saveF (hsold0)$

saveF (xo0ld0)$
saveF (yold0)$
saveF (xs0ld0)
saveF (ysold0)
saveF (etaold0
saveF (Lsold0)

$
$
)$
$

}$
macro init angle{

l1=expi (
gg=expi (
hh=expi (
lls=expi
ggs=expi
hhs=expi

A~~~ e =

l1In0=expi(ln0,1,0)
ggnO=expi(gn0,1,0)
hhnO=expi (hn0,1,0)
11sn0=expi(lsn0,1,
ggsnO=expi(gsn0,1,
hhsnO=expi (hsn0,1
nnul=expi (nult,1 0
nnuG=expi (nuGt,1,0

$
$
$
0)$
0)$
,0)8
)

)

)
)
)
$
$



nnuH=expi (nuHt,1,0)$

nnuls—expi(nulst,1,0)$
nnuGs=expi (nuGst,1,0)$
nnuHs=expi (nuHst ,1,0)$

18
macro integration{
efftronc$

varll=lln0*nnul$ //nnul=exp (i*t=*nul)
vargg=ggn0*nnuG$

varhh=hhn0*nnuH$

varlls=1lsn0*nnuLs$
varggs—ggsn0*nnuGs$
varhhs=hhsnO*nnuHs$

varx=xn0$
vary=yn0$
varxs=xsn0$
varys=ysn0$
vareta—etan0$
varLs=Lsn0$

varl=ln0+nuL*t$
varg=gn0+nuGxt$
varh—=hnO+nuH=*t$
varls=lsn0+nulLsxt$
vargs=gsn0+nuGsxt$
varhs=hsnO+nuHsxt$

dimvar tabv|[0:17]8$
dim tabexpr[0:17]8$

tabv[0]:=11$ tabexpr[0]=varll$
tabv|[1l]:—gg$ tabexpr|[l]—vargg$
tabv[2]:=hh$ tabexpr[2]=varhh$
tabv|3]:=1ls$ tabexpr|3|=varlls$
tabv[4]:=ggs$ tabexpr[4]=varggs$
tabv[5]:=hhs$ tabexpr[5]=varhhs$
tabv[6]:=1$ tabexpr|[6]—varl$
tabv|[7]:=g$ tabexpr|7]|=varg$
tabv|8]:=h$ tabexpr|8]=varh$
tabv[9]:=1s$ tabexpr[9]=varls$
tabv[10]:=gs$ tabexpr[10]=vargs$
tabv[11]:=hs$ tabexpr[ll]=varhs$
tabv[12]:=x$ tabexpr[l2]=varx$
tabv|13]:=y$ tabexpr|[13|=vary$
tabv[14]:=xs$ tabexpr[l4]=varxs$
tabv[15]:=ys$ tabexpr[l5]=varys$
tabv[16]:=eta$ tabexpr[16]=vareta$
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tabv|17]:=Ls$ tabexpr|l7|=varLs$

loldO=subst (lold ,tabv ,tabexpr)$
stat (lold0)$

gold0=subst (gold ,tabv ,tabexpr)$
stat (gold0)$
hold0O=subst (hold ,tabv ,tabexpr)$
stat (hold0)$
lsold0=subst
stat (1sold0)
gsoldO=subst
stat (gsold0)
hsold0O=subst
stat (hsold0)

Isold ,tabv ,tabexpr)$
gsold ,tabv ,tabexpr)$

(
$
(
$
(hsold ,tabv ,tabexpr)$
$

xold0=subst (xold ,tabv ,tabexpr)$
stat (xold0)$
yoldO=subst (yold ,tabv ,tabexpr)$
stat (yold0)$
xsold0=subst (xsold ,tabv ,tabexpr)$
stat (xsold0)$
ysoldO0=subst (ysold ,tabv ,tabexpr)$
stat (ysold0)$
etaold0=subst
stat (etaold0)
(
$

Lsold0=subst
stat (Lsold0)

(etaold ,tabv ,tabexpr)$
$
Lsold ,tabv,tabexpr)$

18

E Explicit expression of W, W’ and #H”

Here, we display the expressions of H”, W and W' up to the 10'", the 8" and the 10*"
order, respectively.
As in appendix C, e (eps) is a fictional variable whose power indicates the order of
the term while s¢2 and del are V2 and § respectively.
2
/’1/8 S

1/2

1/2xxi*x3xkap*x2xetaxx—4xeps**3

1/4xdel xxikx—4xkapsx—2xetaxx8xeps**5

1/4x del #%x2x xi*x—4dxkapx*—2xeta*x*8xepsx*6
3/4xdel *xikx—4xkapskx—2xxs**%2%xeta*x8xepsx*T7
3/4xdel* xisx—4dxkapsx—2xy**2xeta*xx8keps**7
49/64x del x#2x xi*x—11xkap**—6xeta**20xeps*x7
3/4xdelxxixx—4sxkapsx —2xeta*x8kx*xx2xeps**7

F+ 4+ 1+
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+
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+ 4+

+ 4+

3/4xdel 2% xikx—4xkapsx—2%xs**k2% eta**8xeps**8

3/4x del xx2x xixx—4dsxkapxx —2xy*x2x eta xx8xeps**8

9/32x del %2 xixx—8xkapxx —4xy*x2xetaxx14dxeps**8
49/32x del xx3x xi*x—11lxkap**—6xeta*x*20%eps *x8
97/32xdel xx2x xixx—14xkapxx—8«eta xx26%eps**8

3/4xdel xx2% xixx—4dxkapsx—2%etaxx8kx**2%xeps**8

225/32x del x%2x xixx—8xkapxx—4xetaxx14xxxx2x eps**8
3/2x delsxxixx—4xkap*x—2xxs*xx4d*etaxx8xeps**9

9/4x del*xisx—4xkapsx —2%xs*x2%y*x2x eta xx8xeps**9
3/8xdel*xixx—4xkapskx—2xy**dxeta*xx8kxeps**9

9/16% del xx3% xixx—8xkapkx —4dsxy**2kxeta*xx14dxeps*x9
9/64xdel*xixx—8xkapsx—4xetaxx16%xeps**9

49/64x del xx4dx xi*x—11xkap*x—6xeta**20%xeps *x9

735/64x del 2% xixx—11xkapsx—6xxs*x*x2xeta*x*x20xeps**9
27/128xdel xx3x xi*xx—12xkapxx—6xy*xx2xeta*x*x20%eps**9
51/32xdel xx2x xixx—1lxkapxx—6*xy**2xeta**20%xeps*x9
97/16x del xx3% xixx—14xkapxx—8ketaxx26%eps**9

135/64x del x3% xixx—18xkap*x—10xeta**32xeps*x9
1477/192x del #x2x xi*x—17xkap*x—10xeta*x*32xeps**9

9/4x del*xisxx—4xkapsx —2%xs*x2%k eta *x8*k X x*x 2% eps **9
3xdel xxixx—4dxkapxx—2xy**x2xetaxx8xx**x2xeps*%9
225/16xdel xx3% xixx—8xkapkx—4kxetaxx14dxx*k*2%xeps**9
675/128« del xx3x xi*kx—12xkap*x—6xeta*%20%xx*x*2% eps*%9
873/32x del xx2x xixx—11lxkap*x—6xetaxx20%Xxx*x2%xeps**9
3/8x delsxixx—4xkapsx—2xeta*x8kx*x4dxeps**9

3/2xdel xx2% xixx—4dxkap*x—2«xs*kxdsxeta**8xeps*x10
9/4xdel x%2% xixx—4dxkapsx —2%xs* %2k y**2xetaxx8keps*x10
3/8xdel x%2% xikx—4dsxkapsx—2xy**d*eta*x8xepsxx10

9/32x del x4 xixx—8xkapxx—4xy*x2xetaxx14dxepsxx10
33/16x del 2% xixx—8xkapxx —4xxs*x2xyxx2xetaxx14dxeps**x10
27/64x del xx2x xixx—8xkap*x —4dxy*xxdxetaxx14dxeps*xx10
9/32x del x%2% xixx—8xkap*x—4*etaxx16xeps**x10

735/32x del xx3% xixx—1lxkapxx—6kxs*x*x2xeta*x*x20%eps*%10
81/128« del xx4xxixx—12xkap*x—6xy*x2xetaxx20xeps**10
51/16x del *x3xxixx—1lxkap*x—6xy*x2xetaxx20xeps**10
225/512x del #x2x xixx—12xkap*x—6xetaxx22xeps**x10
97/32xdel xx4dx xixx—14xkapxx—8xeta*x+x26xeps*x10
2619/32x del **x2x xi*kx—14dxkap*x—8xxs**x2xetax*x26xeps**x10
405/2048+ del *#4x xi*x —16xkap*x—8xy**2xeta*+x26xeps**x10
153/128x del xx3x xi*x—15xkap*x—8xy**x2xeta**26xeps*%10
203/32x del x%2x xixx—14xkapxx—8xy*x2xetaxx26%xeps**10
405/64x del xx4x xi*x—18«xkap*x—10xeta**32xeps**10
1477/96% del x%3% xi**—17xkap*x—10%eta*x*x32xeps*x10
39/4xdel xx3% xixx—21xkapxx—12%eta*+x38xeps*x10

2507 /144« del 2% xixx—20xkap*x—12xetaxx38xeps**10
9/4x del 2% xixx—4sxkapxx —2xxs*x2x eta xx8x X xx2x eps**10
3xdel xx¥2x xikx—4xkapsx —2xy*xx2xeta**x8xx*xx2xeps*x10
225/32x del xx4dx xixx—8xkapxx—4dkxetaxx14xxxx2xeps**10
825/16xdel xx2% xixx—8xkapsx —4kxs*x2ketaxkl4dsx**x2xepsxx10
189/16x del xx2x xi*x—8xkapsx—4xy**x2xeta*xx14xx**x2xeps*x10
2025/128« del x4« xixx—12xkapsx—6xetaxx20xx*x*2xeps**x10
873/16x del *x3% xi*xx—1lxkap*x—6xeta*x*x20xx*x2xeps*x10

96



+ 4

I+ + |

+

I+ + |

e N e S I

Jr

58725/2048« del xx4x xi*x—16xkap+*—8kxeta**26xx**2xeps**10

4995/128+ del xx3x xi*x—15xkap+x—8xeta*x26xx*x2xeps*x10
T6xdel x%2x xi*x—14xkapxx—8xetaxx26xx*x2xeps**10

3/8x delx*2x xixx—4xkapxx —2xeta*xx8kxxxdxepsxx10
675/64xdel xx2x xixx—8xkapxx—4dkxetaxx14dxxkxdsxeps**10

W:

3/8xdel*xi*x—Txkapsx—4xLsxetaxxldxeps**6
3/4xdel*xixx—4sxkapsx—2xsq2+xskLskxeta*x*8+xeps*x6
1/4xdel xxixx—Txkapsx—4xsq2*xLsxetaxx14xxxeps*xT7

3/16x delsxxixx—Txkapxx—4xsq2xxsxLsxetaxx14dxepsxx7
3/8xdel xx2% xixx—Txkapsx—4xLsketaxx14dxepsxx7
3/8xdel*xi*x—10xkap*x—6xLsxetaxx20xeps**7
21/16xdelxxi*x—Txkap*x—4sxsq2*xskLskxetaxxldxeps**7
1/2xdel xxi*x—Txkapsx—4xsq2*Lsxetaxx14xxxeps*xT7

9/4x delxxisxx—Txkapxx—4xsq2xLsxetaxx14dxxxepsx*7
15/8xdel xxikx—4dxkapsx—2xLskxetax*«8xXk*x2xeps*xT7
3/8xdel*xisx—4xkap*x—2xy**x2xLsketaxx8xepsxx7
9/8xdel*xisx—4xkapsx—2xxs**2xLsketa**8xeps*xT
3/4xdel xx2x xixx—4sxkapxx—2xsq2xxsxLsxetaxx8xepsxx7
3/8xdelxxixx—Txkapsx—4xLexetaxx14dxxx*x2xeps**8

9/256x del x%2x xixx—14xkap*x—8xLsxetaxx26%xeps**8
1/4xdelxxixx—T7xkapxx—4xxskLsxetaxx14dxxxeps**8
1/4xdel #x2x xi*x—Txkapxx—4xsq2xLskxetaxx14dxx*xepsx*8
1/6xdelxxisxx—10xkap*x—6xsq2xLs*xeta*x*x20%xx*epsx*8
7/4xdelxxixx—Txkapxx—4xxskLsketaxx14dxxsxeps**8
5/24xdel*xixx—9xkap*x—5xLsxeta*+x18xeps*x8

15/64% del *%2x xi*x —11xkap*x—6xsq2+Lsxetaxx20xx*eps**8
1/8xdelxxixx—T7xkapsx—4xLsketa**14xx*xx2%eps**8
3/8xdel*xisx—Txkapsx—4dxy**2xLsketa*xxl4dxeps**8

3/16x del xx2x xixx—Txkapxx—4xsq2xxsxLsxetaxx14dxeps**8
9/16xdel *x*2x xixx—11xkap*x—6xsq2xxsxLskxetaxx20xeps**8
3/32x del*xi*xx—10xkap*+x—6xsq2xxsxLsxetaxx20%xeps**8
15/8+ del xxixx—Txkapxx—4xxs*x2xLskxeta*xxl4xepsx*8
3/8xdel*xisx—Txkapsx—4dxy**2xLsketa*xxl4dxeps**8
3/8xdel 2% xixx—10xkap*x —6xLsxeta*%20%xeps**8

1/4xdel #x2x xi*x—14xkapsx—8xLsxeta*x*26xeps*x8
3/8xdelxxixx—13xkap*x—8xLsxeta*+*26xeps*x8

15/8+ del xxixx—T7xkapxx—4xLskxeta**14+xxxx2%xeps**8
21/16xdel xx2x xixx—Txkapxx—4xsq2xxsxLsketaxxl4dxeps**8
9/16xdel x%2% xixx—1lxkapxx—6xsq2xxsxLsketa*x*x20%eps**8
63/32« del*xi*xx—10xkap*x—6xsq2xxsxLsxetaxx20xeps**8
51/8xdelsxixx—T7xkapsx—4xxs*x2xLsxetaxx14dxeps**8
3/2xdelxxisx—Txkapsxx—4xxsxLskxetaxxl4dxxxepsx*8

1/2x del #%x2x xi*x—Txkapxx—4xsq2xLskxetaxx14dxx*xepsx*8
135/64% del *#2% xi*x—11skap*x—6+sq2*Lskxeta**20%xkeps**8
3/2xdelxxixx—Txkapxx—4xxsxLsxetaxx14dxxkepsx*8
3/8xdelxxixx—9xkapsx—5xLsxetaxx18keps**8

9/4x del*xisxx—Txkapsx—4sxxsxLsxetaxx14dxxkeps**8
9/4xdel xx2% xixx—Txkapxx—4sxsq2*xLsxeta*xx14xxkxeps**8
15/32+« del #%2x xi*x —11lxkap+x—6xsq2+Lsketa*x20xx*eps**8
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9/2xdel*xi*x—10xkap*x—6xsq2+Lsketa*%20xx*keps**8
63/4x del*xixx—Txkap+x—4xxsxLsxetaxx14xxkepsx*8

35/8x delxxixx—4xkapsx—2xsq2xxsxLsxetaxx8xx*xx2xeps**8
15/8x del #x2% xiskx—4xkapsx—2xLsketa*xx8xXk*2xeps %8
45/32« del xx2x xi*x—8xkapxx—4dxLsxetaxx14xx**x2%eps %8
15/8+ del xxixx—4dxkapsx—2xsq2xxsxLsketaxx8kxx**2%xeps**8
15/16x del xxi*x—6xkap*x—3xsq2xLskxetaxx12xx*xeps**8
7/8xdelxxixx—4xkapxx—2x5q2xxskyxk2xLsxeta**8xeps*x8
3/8x delxx2x xixx—4sxkapxx —2xy*x2xLsxetaxx8xeps**8
9/32x del xx2% xixx—8xkap*x —4dxy**2x Lsxetaxx14dxeps**8
3/8xdel*xikx—4sxkapskx—2xsq2+xs*ky**x2kLsketa*xx8keps %8
53 /48« delsx xikx —4xkap*x—2%sq2*xs**x3kLsketa*xx8kxeps %8
9/8xdel 2% xixx—4sxkapxx—2xxs*x2xLsxetaxx8xepsx*8
3/2x delxxixx—4xkapsx—2xsq2xxs*x3xLsketaxx8xepsx*8
9/4xdel*xi*x—4xkap*x—2xsq2+xs*ky**x2xLsketa*x«x8kxeps %8

147 /32« del *#%2% xi*x —11xkap*x—6+sq2*xskLsxeta*x*x20xeps**8*sin

9/4xdel*xisx—4skapsx—2xsq2+xskLsketa*x*x8%x**x2%eps %8

W' =
5/4xyxx2xLsketaxx2xxx%x2%eps 8

5/2% xixx—2xkapsx—lsxxsxLsxeta*x6xxxeps 8

45/16x del* xisx—4dxkapsx—2xxs**%2xLexeta*x8kx*xx2xeps**9
135/32x delxxiskx—4dxkapsx—2xyxx2xLeketax*8xxX*x*2xeps %9
Sxdel* xix*—2xkap*x—lxxsxLskxetaxx6xx*xeps**9

45/4x del xxixx—6xkap*x—3*xs*Lsketa**12xx*keps*x9

9/16x del*xixx—4sxkap*x—2xxs*x2xy*x2xLsketaxx8xeps**9

*sin

45/16x del xx2% xisxx—4xkap*x—2sxxs**%2xLsxetaxx8xxxx2xeps*x10
3735/128« del *#2xxixx—8xkapsx—4xxs*x2xLsketaxx14dxx*x2xeps*x10%sin
333/16xdel*xixx—Txkapsx—4sxxs**x2xLsxetaxx14dxx**x2xepsxx10

5/2xyxxdxLsxetax*2xxxx2xeps**x10

135/32+« del %% 2% xi*kx—4skapsx—2xy*+2xLsketa**8xx**x2xeps**10

1125/64% del xx2% xi*x—8xkapsx—4dxy**x2xLsxetaxx14xx*+x2xeps*x10
953/64x del s xixx—Txkapxx —4xy*x2xLsketaxx14dxx*xx2xeps**x10

5/4xyxx2xLexetax*2xxxx4xeps**x10

35 /8% xikkx—2xkapxk—1lxxs*x3kLsketaxxGxxkxepsxx10

15/4% xi*x—2xkapsx—lsxs*y*x2xLsxetaxx6xkxxeps*x10
135/4x del #x2x xi*x—6xkap*x—3xxsxLskxetaxx12xxxeps*%10

19935/128x del *x2x xi*x—10xkap*x—5xxs*Lskxetax*18xxxeps*x10

2945/32x del* xixx—9xkapxx —5xxsxLsxetaxx18xxkeps*x10
45/8x xi*x—2xkap*kx—1xxsxLsketaxx6xx*x3xeps*x10
5/48% xi%x—2xkapxk—1kxsxy**2x Lsketa*x6xx*xeps*x10

9/16% del x%2% xixx—4xkapsx—2+«xs**2%xy**2xLsketa*x8xepsxx10

315/128x del *#2x xixx—8xkapxx—4xxs*x2xyxx2xLsxetaxx14xeps*x10
51/16x delsxisx—Txkapsx —4sxxs*x2xy*x2xLsketaxxldxeps* 10

2xysxyxLsketaxx2xeps*%x10
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