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Introduction

Planetary systems do not have equilibria
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Introduction

Equilibria appear when considering the orbits only
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Introduction

At an equilibrium:
▶ λj are not constant → planets keep orbiting
▶ aj , ej , ij are constant (are variables of the Hamiltonian)
▶ ϖj , Ωj are not constant (are not variables of the Hamiltonian)

Only angles invariants by rotation are explicit variables of the Hamiltonian:

▶ ϖ1 −ϖ2 and 2ϖ1 −ϖ2 −ϖ3 are constant angles
▶ p1ϖ1 + p2ϖ2 + p3ϖ3 is constant if p1 + p2 + p3 = 0

The ϖj must all precess at the same frequency
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Complete versus averaged

What about a real system?
Averaged models have many approximations:
▶ Model limited to low-order in eccentricity
▶ Perturbative part evaluated at nominal semi-major axes
▶ Averaging over the fast angles of the Hamiltonian
▶ Contributions in O(mj/m0)

2 disregarded

Jérémy Couturier Libration centers in resonance chains July 8th, 2025 5 / 18



Complete versus averaged

Fixed points vs libration center ? Chain 3 : 4 : 6 : 8
Fixed points
▶ ϕ1 = λ1 − 2λ2 + λ3 = Cte
▶ ϕ2 = λ2 − 3λ3 + 2λ4 = Cte
▶ ϕ3 = λ3 − λ4 → fast circulating at frequency ν3
▶ ϕ4 = −3λ3 + 4λ4 → precessing with the ϖj at frequency ν4
▶ σj = −3λ3 + 4λ4 −ϖj = Cte

Libration center
▶ ϕ1 = λ1 − 2λ2 + λ3 = is periodic of period ν3
▶ ϕ2 = λ2 − 3λ3 + 2λ4 = is periodic of period ν3
▶ ϕ3 = λ3 − λ4 = ν3t + periodic of period ν3
▶ ϕ4 = −3λ3 + 4λ4 = ν4t + periodic of period ν3
▶ σj = −3λ3 + 4λ4 −ϖj = is periodic of period ν3
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Aptidal

I am creating a software that
▶ Automatically studies a given chain p1 : p2 : · · · : pn

▶ Can manipulate both the averaged and complete Hamiltonian
▶ Can find fixed points
▶ Can find libration centers
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Aptidal

Comparison averaged model and complete system for Kepler-60
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Aptidal

Integrating at a fixed point of the model (Chain 3 : 4 : 6 : 8)
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Aptidal

Aptidal can find libration centers
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Aptidal

Libration center
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Libration center of Kepler-60

Case of Kepler-60
▶ Using the medians of Leleu’s default posterior
▶ (m1,m2,m3) = (0.00001396343, 0.00001018846, 0.00001168183)
▶ (a1, a2, a3) = (1, 1.16051594624160, 1.40732829159100)
▶ (e1, e2, e3) = (0.002443205783, 0.038988792391, 0.001929629299)
▶ (λ1, λ2, λ3) = (1.22847960195,−1.45983490094, 2.89556622661)
▶ (ϖ1, ϖ2, ϖ3) = (−0.67780162957,−2.86441121138, 0.35647438423)
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Libration center of Kepler-60

Kepler-60 has a family of libration centers parameterized by G

On this family, I looked for the libration center that:

▶ Has the same value of G as the median of Leleu’s posterior
▶ Has period ratios n1/n2 and n2/n3 closest to those of Leleu’s

posterior
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Libration center of Kepler-60

Kepler-60 with two possibles libration centers
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Libration center of Kepler-60

Both libration centers are close to each other
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Libration center of Kepler-60

Kepler-60 with two possibles libration centers
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Libration center of Kepler-60

The model (at order 3) is rather accurate
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Libration center of Kepler-60

Kepler-60 could have converged towards one of them through tides

Possible state for Kepler-60 assuming convergence towards a libration
center:

▶ (m1,m2,m3) = (0.00001396343, 0.00001018846, 0.00001168183)
▶ (a1, a2, a3) = (1, 1.16084035919950, 1.40671871088901)
▶ (e1, e2, e3) = (0.013499025712, 0.030339683494, 0.010088416895)
▶ (λ1, λ2, λ3) = (5.62613039777, 0.78403931790, 3.00767556394)
▶ (ϖ1, ϖ2, ϖ3) = (0.27785699708, 3.41403973628, 0.26235900508)

Thank you for your attention
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