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Context

Exoplanetary systems often are in resonance chains
▶ Examples: Kepler-223 (3 : 4 : 6 : 8) and TOI-178 (0 : 2 : 4 : 6 : 9 : 12).
▶ In the solar system: The four galilean satellites (1 : 2 : 4 : 0).
▶ A generic n-planets chain is denoted p1 : p2 : · · · : pn−1 : pn.

Definition
▶ A pair (i, j) of planet is resonant if Ti/Tj ∼ pi/pj ∈ Q.

▶ Or equivalently (Kepler third law) if ai/aj ∼ (pi/pj)
2/3.

Jérémy Couturier Chaînes de résonance 19 Décembre 2024 2 / 29



Resonance p : p + 1

Two planets in resonance p : p+ 1 (planar case)

T2

T1
≈ p+ 1

p

e.g. T2/T1 ≈ 3/2 for Kepler-1972

▶ We use Poincaré’s canonical variables

Λj = βj
√
µjaj ↔ λ = mean longitude,

Dj = Λj

(
1−

√
1− e2j

)
↔ −ϖj = −longitude of the periapsis,

where βj = m0mj/ (m0 +mj) ≈ mj and µj = G√m0 +mj .
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Resonance p : p + 1

Hamiltonian

H = HK(Λ1,Λ2) +HP (Λ1,Λ2, D1, D2;λ1, λ2,−ϖ1,−ϖ2),

HK(Λ1,Λ2) = −
2∑

j=1

β3
jµ

2
j

2Λ2
j

.

▶ The perturbation is expanded in a Fourier serie of eccentricities

HP =
∑
k∈Z2

∑
q∈N4

Ξ(a1/a2)X
q1
1 Xq2

2 X̄q3
1 X̄q4

2

 ei(k1λ1+k2λ2),

where Xj = ej exp iϖj +O(e3j ).

Invariance by rotation (D’Alembert rule):

k1 + k2 + q1 + q2 − q3 − q4 = 0
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Resonance p : p + 1

Averaging and truncation
▶ Most of the angles k1λ1 + k2λ2 are fast-circulating.
▶ We only keep the slow ones
▶ Example: Resonance 2 : 3 → We keep 2λ1 − 3λ2 and the multiples.
▶ Order r in eccentricity: We only keep |q1|+ |q2|+ |q3|+ |q4| ≤ r

First order in eccentricity in resonance p : p+ 1

HP =
Gm1m2

a2

[
f1

√
2D1

Λ1
cos(pλ1 − (p+ 1)λ2 +ϖ1)

+f2

√
2D2

Λ2
cos(pλ1 − (p+ 1)λ2 +ϖ2)

]
.
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A one-parameter one-degree-of-freedom model

Reduction to one degree of freedom
▶ Two angles of interest σj = pλ1 − (p+ 1)λ2 +ϖj

▶ Transformation (e1, e2;σ1, σ2) → (R,S; r, s)

▶ s absent from the Hamiltonian → S is a conserved quantity.

Conserved quantities

▶ Total angular momentum G = m1

√
µa1

(
1− e21

)
+m2

√
µa2

(
1− e22

)
▶ Scaling parameter Γ = (p+ 1)m1

√
µa1 + pm2

√
µa2

▶ S ∝ Υ =
e1,eq
e2,eq

e22 +
e2,eq
e1,eq

e21 + 2e1e2 cos (ϖ1 −ϖ2)

e.g. Υ2:3 = 1.07148
m1

m2
e21 + 0.93329

m2

m1
e22 + 2e1e2 cos (ϖ1 −ϖ2)
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A one-parameter one-degree-of-freedom model

Reduction to one parameter

H = αR− βR2 + γ
√
2R cos r

β(p,m1,m2), γ(p,m1,m2), α(p,m1,m2, G+ S)

▶ Rescaling action and time : Σ = (2β/γ)2/3R and τ =
(
βγ2/4

)1/3
t

H = 3δΣ− Σ2 + 2
√
2Σ cosσ δ = α

(
4

27βγ2

)1/3

▶ Using cartesian coordinates X =
√
2Σ cosσ and Y =

√
2Σ sinσ

H = 2X − 1

4

(
X2 + Y 2 − 3δ

)2
▶ |X| ∼ O

(
ej

(
m0

mj

)1/3
)

and |Y | ∼ O

(
ej

(
m0

mj

)1/3
)
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A one-parameter one-degree-of-freedom model

δ = −1

Figure:
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A one-parameter one-degree-of-freedom model

δ = 0

Jérémy Couturier Chaînes de résonance 19 Décembre 2024 9 / 29



A one-parameter one-degree-of-freedom model

δ = 0.6
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A one-parameter one-degree-of-freedom model

δ = 0.9
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A one-parameter one-degree-of-freedom model

δ = 1.1
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A one-parameter one-degree-of-freedom model

δ = 1.5
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A one-parameter one-degree-of-freedom model

δ = 2
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A one-parameter one-degree-of-freedom model

δ = 4
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A one-parameter one-degree-of-freedom model

Subspace Y = 0
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A one-parameter one-degree-of-freedom model

Subspace Y = 0 (masses of Kepler-1972)
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A one-parameter one-degree-of-freedom model

Kepler-1972 posteriors
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Aptidal

Overly simplified model. What about a real system?
Many approximations, including:
▶ Perturbations of the pair by other planets when N > 2 are disregarded.
▶ Model limited to first-order in eccentricity
▶ Perturbative part simply evaluated at a1/a2 = (p/ (p+ 1))2/3

▶ Averaging over the fast angles of the Hamiltonian
▶ Contributions in O(mj/m0)

2 disregarded
I am creating a software that
▶ Automatically studies a given chain p1 : p2 : · · · : pn
▶ Can manipulate both the averaged and complete Hamiltonian
▶ Can find fixed points
▶ Can find libration centers
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Aptidal

Aptidal (name might change, IDK)

Jérémy Couturier Chaînes de résonance 19 Décembre 2024 20 / 29



Aptidal

Aptidal (name might change, IDK)
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Aptidal

Can integrate the model and the real system automatically
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Aptidal

Fixed points vs libration center ? Chain 3 : 4 : 6 : 8 Fixed points
▶ ϕ1 = λ1 − 2λ2 + λ3 = Cte
▶ ϕ2 = λ2 − 3λ3 + 2λ4 = Cte
▶ ϕ3 = λ3 − λ4

▶ ϕ4 = −3λ3 + 4λ4

▶ σj = −3λ3 + 4λ4 −ϖj = Cte
Libration center
▶ ϕ1 = λ1 − 2λ2 + λ3 = is periodic of period ν3

▶ ϕ2 = λ2 − 3λ3 + 2λ4 = is periodic of period ν3

▶ ϕ3 = λ3 − λ4 = ν3t + periodic of period ν3

▶ ϕ4 = −3λ3 + 4λ4 = ν4t + periodic of period ν3

▶ σj = −3λ3 + 4λ4 −ϖj = is periodic of period ν3
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NAFF reduction

Can find fixed points of the model
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NAFF reduction

Finding a fixed point
▶ By successive average of a variable f(t) of the Hamiltonian
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NAFF reduction

Converging to a libration center
▶ The system is integrated in the complete system using a fixed point of

the model as initial condition
▶ f(t) =

∑
k∈Z8

fke
ik·ωt

▶ ω = (ν1, ν2, · · · , ν8) vector of fundamental frequencies.
▶ fk is set to 0 except if k = (0, 0, k, 0, 0, 0, 0, 0) for k ∈ Z.
▶ Done on all variables of the Hamiltonian
▶ Defines a new initial condition from which the process is reiterated.
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NAFF reduction

Computing fk : NAFF algorithm
▶ The system is integrated from t = −T to t = T

▶ ν = k · ω

▶ fk =
1

2T

∫ T

−T
f(t)e−iνtHp(t)dt

▶ ν = kν3 = (0, 0, k, 0, 0, 0, 0, 0) · (ν1, ν2, ν3, ν4, ν5, ν6, ν7, ν8)
▶ ν3 obtained from a linear fit of ϕ3(t) = ν3t+ ϕ3(0)
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NAFF reduction

Libration center
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NAFF reduction

Periodic orbit finding
▶ Variables of the Hamiltonian periodic with frequency ν3 = 0.79780724

▶ In a frame rotation with the pericenters at frequency ν4 = 0.09929880

▶ ν3/ν4 = 8.0344

▶ If ν3/ν4 ∈ Q, then the motion is periodic
▶ A whole family of libration centers parameterized by the total angular

momentum
▶ Periodic orbits can be found by varying the angular momentum until

ν3/ν4 ∈ Q
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